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Summary

Genetic algorithms (GA) are stochastic search techniques based
on the mechanics of natural selection and natural genetics. In this
paper, the adaptive genetic algorithms are applied to solve the
portfolio selection problem in which there exist both probability
constraint on the lowest return rate of portfolio and lower and
upper bounds constraints on the investment rates to assets. First,
the stochastic model of portfolio selection and it's the reliability
decision are presented. Second, the adaptive genetic algorithm to
solve the reliability decision is given. Finally, a numerical
example of portfolio selection problem is given to illustrate our
proposed effective means.
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1. Introduction

John Holland is the founder of the field of genetic
algorithms (GAs) ([1]). With the publication of Adaptation
in Natural and Artificial Systems in 1975, Holland
discussed the ability of simple bit-string representation to
encode complicated structures and the power of simple
transformations to improve such structures. Genetic
algorithms are stochastic adaptive algorithms that the
result is a directed random search procedure. The process
begins by constructing a random population of possible
solutions. This population is used to create a new
generation of possible solutions, which is then used to
create anther generation of solutions, and so on. The best
elements of the current generation are used to create the
next generation. It is hoped that the new generation will
contain "better" solutions than the previous generation. In
this respect, a wide but diverse range of applications ([2],
[3]) bear testimony to the fact that genetic algorithms are
very useful in solving complicated problems by mimicking
some facets of natural evolution. Recently, many
applications of genetic algorithm have been applied to the
portfolio selection problems ([4], [5]), in which the main
research works are related to Markowitz's mean-variance
model [7]. Yet, there are some limits and shortcomings in
Markowitz's model [7]. In this paper, we propose the
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stochastic model of portfolio and it's the « -reliability
decision, which is different from Markowitz's model and
the nation of efficient portfolio. We study the problem of
calculating this new model by adaptive genetic algorithm.
In addition, a numerical example of a portfolio selection
problem is given to illustrate our proposed effective
means.

2. Stochastic Model and Reliability Decision
of Portfolio Selection

In Markowitz's mean-variance model, portfolio selection
problem with N(n>2) risky assets is usually described

as follows. The return rate I; for asset iis a random
variable with expected return T, = E(r;),i=12K ,n.

1
Let X; be the investment rate to asset i. In order to

describe conveniently, we introduce the following
notations:

X :(leXZvA ’XN)T:R:(rlvrz’A vrn)Tv
R=(r,r,,A ,r)  F=@LLA 1)7.D=(o;

ij /nxn

R and D are the expect return vector and covariance
matrix of returns, respectively. Then the return associated

with the portfolio X = (X;, X,,A , Xy )Y is r=X'R.

The expected return and variance of r are,
respectively, given by

E(r)=X"R, o2=X"DX.
Markowitz's mean-variance model of portfolio

selection problem may be described by the following
quadratic programming:

min o’ =X"DX
st  X'R=R,,
XTF =1,
X >0,

()
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where R, is the lowest expected return of investor.
In practical investment problem, we need to

estimate R and D . It is well-known fact that the returns
of risky assets vary from time to time, and the future states
of returns and risks of risky assets cannot be predicted
accurately. Moreover, most investor may request the lower
and upper bounds constraints on the investment rates to
assets. Based on this fact, we propose the stochastic model
of portfolio as follows:

min o= X"DX

st X"R>R,,
; 2
X'F =1,
W>X>U,
where W = (w,,K ,Wn)T and U =(u,,K ,un)T
(Zui <1l1>w, >u; 20, i=12K,n) represent

i-1
the upper and lower bounds constraints on X
respectively.

Due to the constraint X 'R > R, in(2) is arandom

event. Hence, the feasible solution to (2) may be feasible
or not. Both of them exist the degree of the probability, the
same to the result of the portfolio decision. Hence, we
bring into the measure named reliability and set up a
probability-restricted model. The new model can be
specified as follows:

min  o?=X"DX
st P(X'R>R,)>a,

3
XTF =1, ©
W>X>U,
where W = (w,,K ,Wn)T and U =(u,,K ,un)T
(Z‘ui <1l1>w, >u; 20, i=12K,n) represent

i-1
the upper and lower bounds constraints on X
respectively.

(3) is called the « -reliability decision model of (2),
and the feasible solution to (3) is called the « -reliability
feasible solution of (2). So the optimal solution to (3) is
a « -reliability decision for the portfolio. The
« -reliability decision has more significance because it
shows that the portfolio selection is stochastic decision, its'
result has two sides: reliability and unreliability. Because
of avoiding regarding it as a determinate decision it is
better to reflect the uncertain economic environment.
Hence, the « -reliability decision is very practical and
effective in real investment management.

The model (3) can be transformed into the

determinate decision model. If constant M is given by
the following formula:

X"TR-X"R

vV X TDX
then the probability constraint condition
P(XTR>R,)>a is equivalent to the determinate

constraint condition X" R+M~/XTDX > R,-
The proof of this conclusion is following:
If P(X'R>R,)>a,

then P(XTR<R))<1-a.
since P(XTR=X"R+M+X"DX)=«,
P(IXTR<XTR+M+/X'DX)=1-«.

According to the monotonic increasing of the distribution
function, we obtain

X"TR+M+VX"DX >R,.
Contrarily, if X" R+M+/X DX > R,. then

P(XTR>R,)>P(X"R>X"R+MVXDX)=«

So, (3) is equivalent to the following determinate
constraint model:

min o= X"DX
st.  X"R+M+/X'DX >R,,

P( >M)=«a,

4
XTF =1,
W=>X2>U,
where W = (w;,K ,Wn)T and U =(u,,K ,un)T
n
(Zui <Ll>w,>u, >0, i=12K,n) represent

i-1
the upper and lower bounds constraints on X
respectively.

In (4), M depends on the probability dis_tribution
of X TR. If the return rate of every risky asset ! follows
N(r,c”),(i=L2,A,n) , then

X TR follows normal distribution N(XTR, X" DX).
Thus, M is determined the following formula:

normal distribution

1 5
———j e ?dx=1-«
N2
From the normal distribution chart J(M)=1-a, we
can obtain M .
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If M=0, W=1K )" and U=(0,K,0)",
then (4) is equivalent to Markowitz's mean-variance model
(1). It is obvious that the ¢ -reliability decision model (3),
i.e., (4) is extensions of previous models for portfolio
selection problem, such as Markowitz's mean-variance
model. Furthermore, previous researches have shown
that finding the analytic form solution to (4) is very
difficult. In next section we will give the adaptive genetic
algorithm for finding the « -reliability decision.

3. The Adaptive Genetic Algorithm

If the multimode function wants to keep the global search
ability it must have balanced search ability. Crossover

probability P, and mutation probability P, are the
main factors in affecting balanced search ability (global

search ability and local search ability). While we
strengthen one ability by increasing or decreasing

P.. P, . we may weaken other abilities. Both p. and

P, in the simple genetic algorithm (SGA) are invariant,
so for the complex optimal problem the GA's efficiency is
not high. In addition, immature convergence maybe caused.
Therefore, the goals with adaptive probabilities of
crossover and mutation are to maintain the genetic
diversity in the population and prevent the genetic
algorithms to converge prematurely to local minima.
Strinvivas([6]) put forward the adaptive genetic algorithm,
and its basic idea is to adjust P, and P, according to
the individual fitness. This algorithm can better solve the
problem of adjusting P, and P, dynamically and also

fits to all kinds of optimal problem. Based on these facts,
we adopt the adaptive genetic algorithm to obtain the
optimal solution to (4) as follows:

3.1. Initialization

Define integer H is the initial random population of
chromosomes, and we adopt real code. Every chromosome
include N gene bit (represent N assets), the gene value
is the proportion to this asset in the portfolio. Obviously,
the feasible set of (4) includes the following set:
Q={0¢A XU, <X <W,A LU <X <wi}

It produces random number from € and tests its
feasibility. If it is feasible then it is a member of the initial
population, otherwise, we go on produce random number
from Q) until obtain feasible solution. After finite sample

there are H initial feasible chromosomes V;,A ,V,, .

3.2. Evaluation function

Through evaluation function eval(V) we set

probability for every chromosome V , so the selection
probability is proportion to their fitness. That is, by
roulette wheel selection, chromosomes with a high fitness
value have a great chance of being selected to generate
children for the next generation., then the chromosome is
reallocated by the sequence number instead of target value,
and chromosome is arrayed from good to bad. That is say,
a chromosome is better sequence number is lower. So we
set a €(0,1) and define evaluating function based on

the sequence number
eval(V)) =a(l-a)™, j=12,A H.

3.3. Selection operator

3.3.1. According to the rule that the selection operator
chooses individuals with a probability that corresponds to
the relative fitness. Chromosomes with a high fitness value
have a great chance of being selected to generate children
for the next generation., two chosen individuals, called the

parents. We define reproduction probability for v, (k):

_ F(v; (k)

Py ()= |
(v, (K)) + F(v, (K))+A +F (v, (k)

j=1 means chromosome is the best one, j: H

means chromosome is the worst one.
3.3.2. For Vj(k), j=12,A ,H calculate cumulative

probability q;:
Jo :Q )
j
qj = Z pi (k) '
i=1

3.3.3. Produce random number r in (0,q,) . If
0, <Tr<(j, then we select the chromosome V; (K),

j=12,A H.

j=12,A ,H.
3.3.4. Repeating 3.3.2 and 3.3.3 H times, we can obtain
H copied chromosomes, defined by

v (k) = (vy (k). v, (K),A v (K))
3.4. Crossover operator

3.4.1. Instead of using fixed p,, we adjust it adaptively
based on the following formula:
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_(pcl_pcz)(fl_favg) f > f

— cl avg !’
pc fmax - 1:avg f ' < favg , .
pcl
where fma1x is the highest fitness value in the population;

fa\,g is the average fitness value in every population; f

is higher fitness value between two individuals; in
addition;

Weset p, =0.9p,=06.
3.4.2. v'j (k) is the parent of assured crossover operator,
to j=k
produce random number r in [0,1]. If r < p_, then

repeat the following step from j=1

we select V;'(k) as parent.

3.4.3. v, (K),v,(k),A ,v, (k) are selected parent and
they are randomly assigned into groups such as
(V1 (k). v, (k) (V3 (K), v (K)), A, then
crossover operator.

3.4.4. Conduct crossover operator for (v, (k),V,(Kk))

and then do as following:
Produce a random number C in (0,1). Let

Xy (k) =cv, (k) + (1-C)v, (k)
X, (K) = (L=c)v (k) +cv, (k)

If the new chromosomes don't satisfy restraint conditions
we refuse it as offspring, then repeat 3.4.4 until we obtain
the new chromosomes that are feasible.

3.4.5. Using the same way as above, we conduct crossover
operator for other groups.

conduct

3.5. Mutation operator

3.5.1. Instead of using fixed P, , we adjust it adaptively
based on the following formula:

_ (pml - me)(f - favg)

p_ = pml f f f> faVQ

m max ~ 'avg f < favg
pml

where f__. s the highest fitness value in the population;

fa\,g is the average fitness value in every population; f

is the mutation individual and we set
Pm =0.1,p,, =0.001

3.5.2. Crossover takes two selected parents (chromosomes),
conduct the following mutation operator repeatedly from

i=1 to L: produce random number r in [01]. If

fitness;

r<p,. then we select X;(k) as parent of the

mutation.
3.5.3. Produce random integer i in [0,1], j in [0,],

and random numbers r, and I, in [0,1] and then
creates offspring by the following method: for the
chromosome @, its 1 gene bit @; is replaced by I,

at the same time, for the chromosome @, its ] gene bit

a; is replaced by I,. If the new chromosomes don't

satisfy restraint conditions we refuse it as offspring, then
repeat 3.5.3 until we obtain the new chromosome is
feasible. After finite sample we can produce number new
mutation individual.

3.5.4. From mutation operator 3.5.3 calculate S new
individuals' fitness values; calculate L —S new
individuals' fitness values, that new individuals can
conduct crossover operator in 3.4 and cannot conduct
mutation operator in 3.5; At last, from these new
individuals together with H — L unselected individuals
in 3.3 we generate new population:

vk +1) ={v, (k +1),v, (k +1),A ,v,, (k +1)}

3.6. Convergence conditions

Stopping test is judged by calculating |Fi -F.l<¢e

i+l
where F and F,,; are continuous generation's fitness
values, ¢ is fixed arbitrary decimal fraction. If the
results satisfy |Fi -F

be stopped.

| <& the genetic operator will

4. Experimental Result

In this section we provide experimental results to
demonstrate the effectiveness of the adaptive genetic
algorithm to the stochastic portfolio model. Considering
portfolio selection with 9 risky assets, the return rate and
covariance chart of returns are shown in Table 1. We make
the following assumption in this experiment:

The expected portfolio return rate Ry =10% ;
U =(0.05,0.05,0.10,0.13,0.18,0.05,0.10,0.13,0.05)",

W =(0.15,0.15,0.20,0.25,0.30,0.15,0.25,0.25,0.15) "
a=0.70, M =-0.53, population size H =30,
£=0.001.

At last, we can conclude the investment vector of the
optimal portfolio with 70%-reliability:
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X" = (0.057,0.059,0.112,0.156,0.235,0.052,
0.111,0.159,0.059)" '

It holds that X TR+M~/X TDX" >0.10, that is,

P(X"TR20.1)>P(X"R=XTR+M«vXTDX")

=0.70
Table 1

% Tj %

7.1 2016 |19 |33 |10 [27]18]28]21

10.1 1.6 | 3.1 1.7 1.9 108 | 0710921 ]15

19.6 19117 |69 |63 |45 |[07]04]7.8]31

20.6 33|19 |63 |80 |45 [21]09]79]20

23.4 1.0 108 |45 |45 [87 |06 |1.1]86]29

15.3 2.7 1 0.7 [ 0.7 |21 06 |42 |1.0]20]1.1

13.6 1.8 109 |04 |09 1.1 1.0136]18]0.8

21.6 2.8 |21 78 |79 |86 | 20|18 |83]35

14.4 21 115 |31 20 |29 | 1.1]08]35]4.0

5. Conclusion

In this paper, we have discussed the portfolio selection in
which there exist both probability constraint on the lowest
return rate of portfolio and lower and upper bounds
constraints on the investment rates to assets. We have
proposed the stochastic portfolio model and it's the
reliability decision of portfolio selection, them are
extensions of Markowitz's mean-variance model and the
efficient portfolio. Particularly, the adaptive genetic
algorithm has been applied to obtain the reliability
decision of portfolio selection. The numerical result has
showed that its application in portfolio selection is reliable
and useful.
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