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Abstract— In this paper, a linguistic truth-value lattice
proposition logic systemLTV LP (X) is presented firstly. It is
an useful and reasonable tool to deal with the linguistic term set
including linear ordered set and non-linear ordered set. Then
an operator linguistic truth-value lattice-valued proposition
logic OLTV LP (X) is given. TheOLTV LP (X) can provide
a theoretical model for multi-evaluator single-layer evaluation
problem with linguistic term set. Then it follows an evaluation
approach in LTV LP (X) and OLTV LP (X) by using logic
formula for an application case. Any linear information and
incomparable information can be dealt with in the framework
under LTV LP (X) and OLTV LP (X).

Key Words:Artificial intelligence, intelligent evaluation
system, linguistic truth-value lattice-valued proposition logic
system, operator linguistic truth-value lattice-valued propo-
sition logic system

I. I NTRODUCTION

In real world, there are many decision situations in
which the information cannot be assessed precisely in a
quantitative form but may be in a qualitative one, and
thus, the use of a linguistic approach is necessary [9].
Similarly, there are many evaluation situation in which
the information cannot be evaluated in a quantitative form
but may be in a qualitative one, so the use of linguistic
approach is necessary end effective. For example, when we
try to evaluate “service quality”, we tend to use natural
language such as{very good, good, medium, poor, very
poor} etc. other than precise numerical value. In addition,
evaluator’s evaluation is often vaguely qualitative and cannot
be represented in precise numerical value in a multi-criteria
evaluation problem. Therefore, there are some approach
which use linguistic assessments instead of numerical values
by means of linguistic variables [5], [6], [7], [8], [11], [15],
that is, variables whose values are not numbers but words
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or sentences in a natural or artificial language. So it is
necessary to use linguistic variable.

The fuzzy linguistic approach is presented by L.A.Zadeh
in 1975[10]. After L.A.Zadeh’s work in 1975, a lot of fuzzy
linguistic approach has been applied with very good re-
sults to different problems, such as, “information retrieval”,
“clinical diagnosis”, “marketing”, “risk in software devel-
opment”, “materials selection”, “decision-making”, “evalu-
ation” etc. [9].

Linguistic variable is necessary and effective for the
following reasons: first, some criteria is unquantifiable due
to its nature, especially for some criteria related to human
perception for feeling (e.g., when we try to evaluate the
“sweetness” of a perfume sample, maybe the linguistic term
like “fragrant”, “gentle”, “mild”, “soft” would be used in
natural language other than numerical value ); second, it is
unnecessary to get the accurate numerical value(e.g., when
we try to evaluate the “height” of a person, maybe intuitive
linguistic terms like “very tall”, “tall”,“small”,“very small”
is better than measure value which is measured by scale.)
In these situations, a linguistic approach is necessary and
helpful. Moreover, some linguistic term seem difficult to
distinguish their boundary sometimes, but their meaning of
common usage can be understood.

It is natural and reasonable to represent the linguistic
term set by using a partially ordered set or lattice[1], [3].
Based on the above feature of linguistic evaluation term
set, a proper algebraic and logic model must be chosen
to deal with this problem. In this paper, we present the
LTV LIA, LTV LP (X) andOLTV LP (X) and take them
as the representation and operation model of evaluation
problem.

In this paper, a linguistic truth-value lattice-valued propo-
sition logic systemLTV LP (X) is presented firstly. It is an
useful and reasonable tool to deal with the linguistic term
set including linear ordered set and non-linear ordered set.
Then an operator linguistic truth-value lattice-valued propo-
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sition logic OLTV LP (X) is given. TheOLTV LP (X)
can provide a theoretical model for multi-evaluator single-
layer evaluation problem with linguistic term set. It follows
an evaluation approach inLTV LP (X) andOLTV LP (X)
by using logic formula for an application case. Any linear
information and incomparable information can be dealt with
in the framework underLTV LP (X) andOLTV LP (X).

II. PRELIMINARIES

A. Lattice Implication Algebra

Definition 2.1: [17] Let (L,∨,∧, O, I) be a bounded
lattice with an order-reversing involution”′”, I and O the
greatest and the smallest element ofL respectively, and
→: L×L → L be a mapping.(L,∨,∧,→, O, I) is called a
lattice implication algebra if the following conditions hold
for any x, y, z ∈ L,

1) x → (y → z) = y → (x → z);
2) x → x = I;
3) x → y = y′ → x′;
4) x → y = y → x implies x = y;
5) (x → y) → y = (y → x) → x;
6) (l1) (x ∨ y) → z = (x → z) ∧ (y → z);
7) (l2) (x ∧ y) → z = (x → z) ∨ (y → z);

B. Lattice-valued Propositional LogicLP (X)

• Language[18]
The symbols inLP (X) are

1) the set of propositional variable:

X = {p, q, r, · · ·};

2) the set of constants:L;
3) logical connectives:→,′;
4) auxiliary symbols:), (.

The setF of formulae ofLP (X) is the least set
Y satisfying the following conditions:
a) X ⊆ Y ;
b) L ⊆ Y ;
c) if p, q ∈ Y , thenp′, p → q ∈ Y .

• Semantics
Lemma 2.2: [18] Let L be a lattice implication alge-
bra, then

– α ∨ β = (α → β) → β;
– α ∧ β = (α′ ∨ β′)′.

hold for anyα, β ∈ L. Hence,L and LP (X) can be
looked as algebras with the same typeT = L∪{′,→}
and for anyp, q ∈ F ,

– p ∨ q
.
= (p → q) → q,

– p ∧ q
.
= (p′ ∨ q′)′.

Definition 2.3: [16] A mapping v : LP (X) → L
is called a valuation ofLP (X), if it is a T −
homomorphism.
Lemma 2.4: [16] Let f : LP (X) → L be a mapping,
then f is a valuation ofLP (X) if and only if it
satisfies:

1) f(α) = α for any α ∈ L;
2) f(p′) = (f(p))′ for any p ∈ F ;

3) f(p → q) = f(p) → f(q) for any p, q ∈ F .

III. L INGUISTIC LATTICE-VALUED PROPOSITION LOGIC

SYSTEM

A. Linguistic Truth-valued Lattice Implication Algebra
LTV LIA

Definition 3.1: Let

(L1,∧1,∨1,→1, I1, O1),

(L2,∧2,∨2,→2, I2, O2) be lattice implication algebra re-
spectively, and its order-reversing involution mapping be′

1,
′
2 respectively, and the product ofL1 andL2 be as follows:

L1 × L2 = {(a, b)|a ∈ L1, b ∈ L2} (1)

define the operation∧,∨,→,′ on L1 × L2 as follows: for
any (a1, b1), (a2, b2) ∈ L1 × L2

(a1, b1) ∧ (a2, b2) = (a1 ∧1 a2, b1 ∧2 b2); (2)

(a1, b1) ∨ (a2, b2) = (a1 ∨1 a2, b1 ∨2 b2); (3)

(a1, b1) → (a2, b2) = (a1 →1 a2, b1 →2 b2); (4)

(a1, b1)
′ = ((a1)

′
1, b1)

or
(a1, b1)

′ = (a1, (b1)
′
2)

or
(a1, b1)

′ = ((a1)
′
1, (b1)

′
2) (5)

Lemma 3.2:(L1 × L2,∧,∨,→, (O1, O2), (I1, I2)) is a
lattice implication algebra.
Proof It can be proved by the definition of lattice implication
algebra given in definition 2.1.

Definition 3.3: (L1 × L2,∧,∨,→, (O1, O2), (I1, I2)) is
called a product lattice implication algebra.

Definition 3.4: Let

MT = {True(Abbr. to T), False(Abbr. to F)},

the following lattice implication algebra(MT,∧,∨,→
, F, T ) is called meta linguistic truth-value lattice implica-
tion algebra, where∧,∨,→ is the same as that of in classical
logic.

Example 3.5:Consider the setL = {ai|i = 1, 2, . . . , n},
define order onL as follows: if i ≤ j iff ai ≤ aj , where
i, j ∈= {1, 2, . . . , n}. For any1 ≤ j, k ≤ n,define

1) aj ∨ ak = amax{j,k};
2) aj ∧ ak = amin{j,k};
3) a′

j = an−j+1;
4) aj → ak = amin{n−j+k,n}.

then (L,∧,∨,→, a1, an) is a lattice implication algebra,
where → is Lukasiewicz implication algebra on finite
chains, and Hasse graph ofL is as in figure 1.

In natural language, we usually take some hedge to mod-
ify our natural language, hedge operator and its algebraic
structure is discussed in [13], [14]. In this paper, we choose
some modifactory word to denote the linguistic term.
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Fig. 1. HASSE Graph of Lattice L

Example 3.6:Let MW = {Slightly (Abbr. to Sl), Some-
what (Abbr. to So), Rather (Abbr. to Ra), Almost (Abbr. to
Al), Exactly (Abbr. to Ex), Quite (Abbr. to Qu), Very (Abbr.
to Ve), Highly (Abbr. to Hi), Absolutely (Abbr. to Ab.} be
a modifactory word set, then chainSl ≤ So ≤ Ra ≤ Al ≤
Ex ≤ Qu ≤ V e ≤ Hi ≤ Ab is a lattice implication algebra
with operation as given in example 3.5, and it is a nine
modifactory word set.

Example 3.7:Let MW = {Slightly (Abbr. to Sl), Ex-
actly (Abbr. to Ex), Absolutely (Abbr. to Ab.} be a mod-
ifactory word set, then chainSl ≤ Ex ≤ Ab is a lattice
implication algebra with operation as given in example 3.5,
and it is a three modifactory word set.

Definition 3.8: Let MW = {a1, a2, · · · , an} be linguis-
tic hedge lattice implication algebra,MT be meta linguistic
lattice implication algebra, then the productMW ×MT of
MW andMT is a linguistic truth-value lattice implication
algebra (abbr. to LTVLIA), its Hasse graph is as figure 2:
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Fig. 2. linguistic truth-value Lattice implication algebra MW × MT

B. Linguistic Truth-value Lattice-valued Proposition Logic
SystemLTV LP (X)

• Language
The symbols inLTV LP (X) are

1) the set of propositional variable:

X = {p, q, r, · · ·};

2) the set of constants:LTV LIA;
3) logical connectives:∧,∨,→,′;
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Fig. 3. demonstration graph of single-layer evaluation problem

4) auxiliary symbols:), (.

• Semantics
Definition 3.9: The setF of formulae ofLTV LP (X)
is the least setY satisfying the following conditions:

1) X ⊆ Y ;
2) LTV LIA ⊆ Y ;
3) if p, q ∈ Y , thenp′, p ∧ q, p ∨ q, p → q ∈ Y .

Definition 3.10: A mappingv : LP (X) → LTV LIA
is called a linguistic lattice-valued valuation ofLP (X),
if it is a T − homomorphism.
Lemma 3.11:Let f : LP (X) → LTV LIA be a
mapping, thenf is a linguistic lattice-valued valuation
of LP (X) if and only if it satisfies:

1) f(α) = α for any α ∈ LTV LIA;
2) f(p′) = (f(p))′ for any p ∈ F ;
3) f(p → q) = f(p) → f(q) for any p, q ∈ F .

C. Operator Linguistic Truth-value Lattice-valued Logic
SystemOLTV LP (X)

Definition 3.12: Let (LTV LIA,∧,∨,→, O, I) be a lin-
guistic truth-value lattice implication algebra,λ ∈ [0, 1],
the symbols in operator linguistic truth-value lattice-valued
proposition logic systemλLTV LP (X) are

1) the set of lattice-valued atom propositional variable
:λX = {λp, λq, λr, · · ·};

2) the set of lattice-valued atom constants:λLTV LIA;
3) logical connectives:∨,∧,→,′;
4) auxiliary symbols:), (.

The setF of formulae of λLP (X) is the least setλY
satisfying the following conditions:

1) λX ⊆ λY ;
2) λL ⊆ λY ;
3) if λ1p, λ2q ∈ λY , then (λp)′, λ1p → λ2q ∈ λY ,

λ1p ∨ λ2q ∈ λY , λ1p ∧ λ2q ∈ λY .

IV. SINGLE-LAYER EVALUATION SYSTEM BY USING

L INGUISTIC TRUTH-VALUED PROPOSITIONLOGIC

SYSTEM

A. Problem Formulation of Single-layer Evaluation System

Let the evaluation problem involve a set ofn alterna-
tives (objects)Ai(i = 1, 2, · · · , n) to be evaluated andr
evaluatorsrk, k = (1, 2, · · · , r). Let these alternatives to
be evaluated be based on a set ofm criterion(attribute)
Cj(j = 1, 2, · · · , m) and every criteria(attribute) can’t be
divided further, then it is a single-layer evaluation problem,
it can be expressed as in figure 3 .
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Fig. 4. demonstration graph of single-layer evaluation problem

For every alternativeAi(i = 1, 2, · · · , n), the kth(k =
1, 2, · · · , r) evaluator will give the evaluation value form
evaluated attributes (or criteria) andn alternatives. For the
ith alternative, thekth evaluator will give evaluation value
for each criteria as shown in figure 4 , wherev

(k)
j(i), j =

1, 2, · · · , m, i = 1, 2, · · · , n represents the linguistic evalua-
tion value of the performance rating of alternativeAi, (i =
1, 2, · · · , n) with respect to criterionCj(j = 1, 2, · · · , m).

Different evaluator may have different opinion on impor-
tance of different criterion, i.e. they may have different pref-
erence on various criterion because of their academic back-
ground knowledge or experience difference. For example,
when evaluating a performance of a public transportation
company, government may think “social duty” is the most
important, but customer may think “comfort” and “safety”
is the most important. So the importance coefficient must
be determined when we try to evaluate alternative. Here, for
thekth(k = 1, 2, · · · , r) evaluator, we denote the importance
coefficient of each criteria by the weighting vector

ω(k) = (ω
(k)
1 , ω

(k)
2 , · · · , ω(k)

m ). (6)

In an evaluation problem, different evaluator may be not
the same important. So the importance coefficient of each
evaluator can be given in the following weighting vector:

e = (e1, e2, · · · , er). (7)

Note 4.1: For different evaluation problem, there may
have multi-layer criteria, and each criterion in each layer
can be divided to some different sub-criterion, it is a multi-
layer problem. This case will be given in another paper.

B. Transformation of Satisfaction-based with Linguistic
Truth-value Lattice-valued

As mentioned in [15], in any evaluation problem based
on linguistic variable and its semantics, it is very important
thing to choose an appropriate linguistic term set. The term
set should satisfy the following conditions [4], [15]:

• The term set should be rich enough to distinguish
different attribute value, i.e. it should cover or represent
all instances;

• The term set should not be so detailed that it will lead
to unnecessary precision.

In addition, for different evaluated criteria, the evaluation
term set may be different. The difference comes from the
following two ways, one is from the different granular or
evaluation measurement, the other is from the structure
which is a linear ordered set or non-linear ordered set.

Example 4.2:For example, when we try to evaluate a
supply chain, we have several evaluation criteria such as
“tangibles”, “reliability”, “responsiveness”, “competence”,
“courtesy”, “credibility”, “security”, “communication”, “un-
derstanding the customer”[2]. Accordingly, we have differ-
ent evaluation linguistic term set such as{very high, high,
medium, low, very low} for reliability, and the linguistic
term set is an linear order set and can be expressed as in
figure 5.
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Fig. 5. Linguistic terms in a linear order

However, there are some “vague overlap districts” among
some words which cannot be strictly linearly ordered, a
more general structure of linguistic terms is given as in
figure 6. And the linguistic term set{most high, more high,
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Fig. 6. Linguistic terms in a non-linear order

whereH denotes High,L denotes low.

exactly high, less high, least high, most low, more low,
exactly low, less low, least low} for competence is a non-
linear set.

In this section, we take theLTV LIA, LTV LP (X) and
OLTV LP (X) as the representation and operation model.

Note 4.3: The linguistic term set is different in most
evaluation cases. In the proposed evaluation system, ev-
ery linguistic evaluation term will be transformed to the
satisfaction-based linguistic truth-value proposition logic
system SLTS, then the SLTS can be transformed to
linguistic truth-value term setLTV TS.

Example 4.4:Here we take a seven term set as as ex-
ample, let set of degree of satisfaction term beSDST =
{most satisfactory, more satisfactory, satisfactory, average,
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dissatisfactory, more dissatisfactory, most dissatisfactory},
the linguistic truth-value set beLTV S ={most T., more
T., T., α, F., more F., most F.}, where α is between
“satisfactory” and “unsatisfactory”. When we evaluate the
“service quality”, we can use the term set{best, better,
good, medium, bad, worse, worst}, if an evaluator think
the service is “worse”, then its corresponding value isv6,
its corresponding semantic is that the degree of satisfaction
of “service quality” is “more dissatisfactory”. Accordingly,
the truth-value of proposition “the service is good” is “more
F”.

Example 4.5:Take the evaluation of competence in sup-
ply chain evaluation in example 4.2 as an example. Its
linguistic term setLTS = {most high, more high, exactly
high, less high, least high, most low, more low, exactly
low, less low, least low} for competence is a non-linear
set, its satisfaction-based linguistic term setSLTS can be
transformed to linguistic truth-value set asSLTS ={most
satisfactory, more satisfactory, exactly satisfactory, less sat-
isfactory, least satisfactory, most dissatisfactory, more dis-
satisfactory, exactly dissatisfactory, less dissatisfactory, least
dissatisfactory}, then the satisfaction-based linguistic term
setSLTS can be transformed to linguistic truth-value term
setLTV TS = {most T, more T, exactly T, less T, least T,
most F, more F, exactly F, less F, least F} accordingly.

C. Evaluation System Based on Linguistic Truth-valued
Lattice-valued Logic System

After every linguistic evaluation value has been trans-
formed to the linguistic truth-value, the adjacent key step
of evaluation process is the aggregation of every linguistic
truth-value for each criterion of every alternative.

In this section, we present a new approach by using
linguistic truth-value lattice proposition logic formulafrom
the point of linguistic truth-value lattice-valued proposition
logic system. For theith alternative, thekth evaluator will
give the linguistic truth-value lattice evaluation vector, as
expressed in (8):

(v
(k)
1(i), v

(k)
2(i), · · · , v

(k)
m(i)) (8)

Definition 4.6: For the ith alternativeAi, we can getr
vector:

V
(k)
j(i) = (v

(k)
1(i), v

(k)
2(i), · · · , v

(k)
m(i)), (9)

where k = 1, 2, · · · , r, v
(k)
j(i) ∈ LTV LP (X).every vector

express as in (9) is called linguistic truth-value lattice-valued
evaluation vector.

Definition 4.7: The importance coefficient of each crite-
ria given by thekth(k = 1, 2, · · · , r) evaluator isω(k) =

(ω
(k)
1 , ω

(k)
2 , · · · , ω

(k)
m ), linguistic truth-value lattice evalua-

tion vector is(v
(k)
1(i), v

(k)
2(i), · · · , v

(k)
m(i)), then

(ω
(k)
1 v

(k)
1(i), ω

(k)
2 v

(k)
2(i), · · · , ω

(k)
m v

(k)
m(i)) (10)

is called linguistic truth-value lattice-valued evaluation vec-
tor with criterion important coefficient, whereω(k)

1 (v
(k)
1(i) ∈

OLTV LP (X).

TABLE I

LINGUISTIC TRUTH-VALUE EVALUATION DISTRIBUTION

linguistic term v1 v2 · · · vs

distribution value g(1) g(2) · · · g(s)

Definition 4.8: The importance coefficient of each crite-
ria given by thekth(k = 1, 2, · · · , r) evaluator isω(k) =

(ω
(k)
1 , ω

(k)
2 , · · · , ω

(k)
m ), linguistic truth-value lattice-valued

evaluation vector is(v(k)
1(i), v

(k)
2(i), · · · , v

(k)
m(i)), the important

coefficient ofkth evaluator ise(k), then

(e(k)ω
(k)
1 v

(k)
1(i), e

(k)ω
(k)
2 v

(k)
2(i), · · · , e

(k)ω(k)
m v

(k)
m(i)) (11)

is called linguistic truth-value lattice-valued evaluation vec-
tor with criterion and evaluator important coefficient, where
ω

(k)
1 v

(k)
1(i) ∈ OLTV LP (X).

Definition 4.9: The evaluation result is determined by the
aggregation of linguistic truth-value lattice evaluationvector
with criterion important coefficient, it can be expressed as:

∧m
j=1e

(k)ω
(k)
j v

(k)
j(i), (12)

wherek = 1, 2, · · · , r.
Definition 4.10: 1) Let

LTV TLIA = {v1, v2, · · · , vs} = {vo|o = 1, 2, · · · , s}

be a linguistic truth-value lattice implication algebra,
define a series of mappinggo, (o = 1, 2, · · · , s) from
([0, 1] ⋄ LTV LIA)m to R as follows:

go : ([0, 1] ⋄ LTV S)m → R :

(c1vi1, c2vi2, · · · , cnvim) 7−→
∑

cl, if vil = vo.
(13)

2) Let (e(k)ω
(k)
1 v

(k)
1j , e(k)ω

(k)
2 v

(k)
2j , · · · , e(k)ω

(k)
m v

(k)
mj)

wherej ∈ {1, 2, · · · , n}, k ∈ {1, 2, · · · , r} be an any
linguistic truth-value lattice-valued evaluation vector
with double important coefficient, define linguistic
evaluation value distribution onLTV S as in table I,
and vector

(g(1), g(2), · · · , g(s)) (14)

is called linguistic truth-value lattice-valued evaluation
distribution vector.

Definition 4.11: Let {(ai1, ai2, · · · , ais)|i = 1, 2, · · · , n}
ben linguistic truth-value lattice-valued evaluation distribu-
tion vector, define⊕ from (Rs)n to Rs as follows:

⊕ : (Rs)n → Rs :

(a11, a12, · · · , a1s) ⊕ (a21, a22, · · · , a2s) ⊕ · · ·

⊕(an1, an2, · · · , ans) 7−→

(1/n(a11+a21+· · ·+an1), (1/n(a12+a22+· · ·+an2), · · · ,

(1/n(an1 + an2 + · · · + ans), (15)



IJCSNS International Journal of Computer Science and Network Security, VOL.6 No.6, June 2006 6

Definition 4.12: Let the importance coefficient of each
criterion given by thekth(k = 1, 2, · · · , r) evaluator be
ω(k) = (ω

(k)
1 , ω

(k)
2 , · · · , ω

(k)
m ), linguistic truth-value lattice-

valued evaluation vector be(v(k)
1(i), v

(k)
2(i), · · · , v

(k)
m(i)), the im-

portant coefficient ofkth evaluator ise(k), then the final
evaluation result is as follows:

⊕g((∧m
j=1e

(k)ω
(k)
j v

(k)
j(i)))), (16)

V. CONCLUSION AND FUTURE WORKS

In this paper, a linguistic truth-value lattice-valued propo-
sition logic systemLTV LP (X) is presented firstly. It is an
useful and reasonable tool to deal with the linguistic term
set including linear ordered set and non-linear ordered set.
Then an operator linguistic truth-value lattice-valued propo-
sition logic OLTV LP (X) is given. TheOLTV LP (X)
can provide a theoretical model for multi-evaluator single-
layer evaluation problem with linguistic term set. It follows
an evaluation approach inLTV LP (X) andOLTV LP (X)
by using logic formula for an application case. Any linear
information and incomparable information can be dealt with
in the framework underLTV LP (X) andOLTV LP (X).

However, there is still some work need to be finished.
The double-layer, multi-layer and mixed-layer evaluation
problem with linguistic value based on satisfaction and
linguistic truth-value will be given in another paper by the
author and her colleagues. In addition, the model can be
used to the group decision making with linguistic term set.
These related work will be given by the author and her
colleagues in the following published paper in the near
future.
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