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Summary

Many multiple attribute group decision making (MAGDM)
problems with linguistic information involve uncertainties, which
significantly increase the complexity and difficulty in decision
analysis. In order to solve such problems, we require appropriate
aggregation operators that are capable of dealing with uncertain
linguistic information. In this paper, firstly, the uncertain
two-tuple linguistic information is described. Then, a new
uncertain linguistic aggregation operator called uncertain
two-tuple ordered weighted averaging (UTOWA) operator is
proposed and some desirable properties of the UTOWA operator
are analyzed. Finally, it is pointed out that the proposed operator
can be applied to solve MAGDM problems with uncertain
linguistic information and also enrich the existing approaches to
aggregating uncertain linguistic information.
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1. Introduction

In multiple attribute group decision making (MAGDM)
analysis with linguistic information, the aggregation
operators are required to deal with the aggregation of
linguistic information and rankings of alternatives. Since
Yager [10,11] developed the ordered weighted averaging
(OWA) operator, many operators have been developed to
aggregate linguistic information in group decision making
such as the linguistic weighted disjunction (LWD) operator
[2], linguistic weighted averaging (LWA) operator [2],
linguistic OWA (LOWA) operator [1,3], induced LOWA
(I-LOWA) operator [7], hybrid linguistic weighted
averaging (HLWA) operator [8] and induced uncertain
LOWA (IULOWA) operator [9], etc. However, these
approaches do not address the problem where the
aggregated results are inconsistent with linguistic term in
the pre-established discrete linguistic term set, which leads
to the loss of information and inaccuracy of the aggregated
results. To overcome these drawbacks, a two-tuple OWA
(TOWA) operator [4,5] and an expanded TOWA
(ETOWA) operator [15] are proposed. However, it is
difficult to solve MAGDM problems with uncertain
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linguistic information using the TOWA and ETOWA
operators. In this paper, we shall develop a new uncertain
linguistic operator called uncertain two-tuple ordered
weighted averaging (UTOWA) operator and study some of
their desirable properties of the operator.

2. Preliminaries

For the convenience of analysis, we give several
definitions in this section. These definitions are used
throughout the paper.

Definition 1. [6] LetX =[x', x], where x', x“ e
R,x' <x", and R is a real number set, we then call
X an interval number. If x' = x" , then X is a real
number, ie, X = x' = x".

Given any two positive interval numbers ad = [al,
a"] and b = [b', "], some main operations of
positive interval numbers @ and I; can be expressed as
follows [6]: @ a + b = [ + b, a" + b“];
®5Xl~):[a’bl, a'b"]; ®5+1;:[a1/b“, a“/b[]; @
ki =[ka', ka"],(k >0),® 1/a= [l/a",1/a'].
Definition 2. [14] Let @ = [a', a"] and

b =[b', b"] be two positive interval numbers, then, the

possible degree of @ > b ,ie, P, isgivenby
L, b <d’
a—p" bu_al al_bl bu_al bu_al Lo (Ia)
Ps= o 0t % 10 a0 b<a<b<a
a-a a-a b-b a'-a b'-b
u u u /
a —b b -b :
+0.5- X a/Sbl<b”Sal
u 1 u 1
a"—a a"—a

~

and accordingly, the possible degree of b >d , ie.,

P, is given by
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0, b <d
bu_ ! bu_l
p_=l0os2=0. 020y g p<g (V)
>a d—d b —b
/ ! u /
bu a,+0.5~bu b,, d <b <b'<a"
a —da a —da

From Definition 2, we can easily obtain the following
results:

(1) 0SP, <1, 0<P__<I;
@ })5>;+})5>E:1;
@3)if P_=1 (or B__=0),then @ >b;

~

@if P_>=0.5 (or P.__=0.5),then a=>b;
) if 0<P <05 (or 05<P ;<1), then

a>b:
P

ash

©®if d >b,b>c¢,and P_.>05, P._>0.5,
P P a>b b>c
then a > C .
PU>Z

Many aspects of different activities in the real world
cannot be assessed in a quantitative form, but rather in a
qualitative one, i.e., with vague or imprecise knowledge.
In that case, a better approach may be to use linguistic
assessments instead of numerical values. The linguistic
approach represents qualitative aspects as linguistic values
by means of linguistic variables [3,12,13].

Suppose that S = {s,, s, *--, §;} be the
pre-established finite and totally ordered discrete linguistic
term set with odd cardings, where s§; denotes the i-th

linguistic term of S. It can be seen that T + 1 is the
cardinality of .S'. For example, a set of seven terms .S,

could be § = {s, = Very Poor (VP), s, = Poor (P),
§, = Medium Poor (MP), s, = Fair (F), §, = Mediurr
Good(MG), S5 = Good (G), S = Very Good (VG)} .
Definition 3. [9]
s .8, €8, k[, €[0,T], k, <[;. s, and s,

l

Let s, = [s,, s, ], where
i k; 1;

are the lower and the upper limits, respectively, we then
call El an uncertain linguistic information. Let S be
the set of all the uncertain linguistic information.

Let (s;, @;) be the linguistic information by

means of a two-tuple [4], where 5, (5, € 5) is a
linguistic label and o, is a numerical value that

represents the value of symbolic translation. Let S be

the result of an aggregation of the indices of a set of labels
assessed in a linguistic term set S, i.e., the result of a set
of a symbolic aggregation operation, £ €[0,7]. Let

i =round (f) and a, = B —i be two values, such
that, i € [0, 7], and a, € [-0.5, 0.5), then o is
called a symbolic translation.

Definition 4. Let s, = [(s,, @), (s, , a)],
where s, ,s, € S, k,,I, €[0,T], k, <1, and

a, ,a, € [-0.5,0.5), are the numerical values that

represent the values of symbolic translation, respectively.
(s, ,o,) and (s, , o, )are the lower and the upper

limits, respectively, we then call Eav an uncertain

two-tuple linguistic information. Let §a be the set of all

the uncertain two-tuple linguistic information.
Definition 5. Let positive interval

Z=[u", u”] be the result of an aggregation of the

number

indices of a set of labels assessed in an uncertain linguistic

~

term set S , i.e., the result of a set of a symbolic

aggregation operation. ,LLL , ,uU are the results of an
aggregation of the indices of a set of labels assessed in a
linguistic  term  set S where

u" u’ €[0,T], being T + 1 the cardinality of S .

respectively,

Let k, =round(u") and @, = u" —k, be two values,
and [, =round (") and @, = u¥ —1I also be two
e [0, T] , and

a, ,o, € [-0.5, 0.5), then a, , 0, are called

values, such that, k,, [

1

symbolic translations, respectively.

Definition 6. Let S = {s,, s;, -**, S;} be a linguistic
term set, S, = [s, , 5, ] an uncertain linguistic
information and i = [, u”] an interval value
supporting the result of a symbolic aggregation operation,
where ,uL , ,uU € [0, T], then the uncertain two-tuple

that expresses the equivalent information to M is
obtained with the following function:

A10,T]— Sx[-0.5,0.5). (2a)
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s, , k, =round(u"),
Auty={ " (2b)
o = u =k o, €[-05,05).

i

and

A410,T]— Sx[-0.5,0.5). (3a)

s, » 1, =round(u"),

o, =u’ -1, o, €[-05,05).

i

Au”)=

where ‘round’ is the usual rounding operation, §, and

L, U,

13
N

respectively, “o, ” and “o, ” are values of the symbolic

s, have the closest index labels to “ u

translation, respectively.

Definition 7. Let S = {s,, §,, ***, S;} be a linguistic
term set and 5, =[(s, , @, ), (s,, @ )] be an
uncertain two-tuple linguistic information. There is always
a function A~ , such that, from an uncertain 2-tuple it

returns its equivalent interval value & = [u", u’],

where ,uL,,uU e [0,T]

A7:8Sx[-05,0.5) =>[0,T]. (4a)

A’l(ski,ocki):ki +oy =u". (4b)
and

A7:Sx[-05,0.5) =>[0,T]. (5a)

A’l(s,! yo )=l +o, = u. (5b)

From the above Definitions, it is obvious that the
conversion of a linguistic term into a linguistic two-tuple
consists of adding a value 0 as symbolic translation:
s, €8 = (s;, 0). It is also obvious that the conversion

of an uncertain linguistic information into an uncertain
two-tuple linguistic information consists of adding a value

~

0 as symbolic translation: S, = [s, ,s,] € § =

[(s;,.0). (s,,0)].

3. The proposed UTOWA operator

Yager provides the following definition of the ordered
weighted averaging (OWA) operator [10].
Definition 8. [10] An OWA operator of dimension # is a

mapping, ¢ : R" — R, that has an associated

weighting vector W = (w,, w,, -+, W”)T with the

properties W, € [0,1] and Z; w, =1, such that

¢(a19a2’.“7an):Z:l:lwibi' (6)

where b, is the i-th largest of the @;.
An important feature of the OWA operator is the

recording step. During this step, an argument @, is not
associated with a particular weight w, but rather a
weight W, 1is associated with a particular ordered

position i of the arguments.

Herrera and Martinez [4] develop a TOWA operator
and a brief description of the TOWA operator is given
below.

Definition 9. Let {(s,0,), (s5,0,), -, (s,,0,)}
be a collection of two-tuple linguistic information and
s;e S, a, €[-05,0.5), ien, then a TOWA

operator ¢ is represented by

¢((Slﬂ 0(1), (SZ’ 062), ) (Sna (Xn)) = A(Zln:l hicj) -(7)

T . .
where C = (¢, ¢,, *+, ¢,) is an associated ordered

value vector and each element ¢, (¢, €C) is the i-th
largest value in the collection {47'(s, a,) |i en} .

h=(, h,, -, h”)T is a weighting vector by means
of a fuzzy linguistic quantifier according to Yager’s ideas
[10]. In the case of a non-decreasing proportional
quantifier (), the weighting vector is calculated using the
following expression:

h, =0 /n)—Q0((i-1)/n), ien. 8)
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where

h e[0,1]

function of a non-decreasing relative quantifier () can be

:l:lhl. =1 . The membership

represented as

0, if r<a
o) = 74 i a<r<b 9)
1, if r>b.

with a, b, » € [0,1], several examples of proportional
quantifier are “Most”, “At least half” and “As many as
possible”,  where  the parameters, (a,b)  are
(0.3,0.8),(0,0.5) and (0.5,1), respectively.

The TOWA operator, however, can only be used in
situations where the aggregated arguments are the
relatively certain linguistic information. Based on the
TOWA operator, in the following we shall propose the
UTOWA operator, which can be used in situations where
the aggregated arguments are given in the format of
uncertain linguistic information.

Definition 10. Let {Fl ,32

w2 S S, } be a collection of
uncertain two-tuple linguistic information and Ea‘ es,,

ien, then an UTOWA operator ¢ is defined as
follows:

PS5, »8, 58, )=A(he ©hc, ®---Dh,c,).(10)

~ ~ o~ ~\T . .
where C =(c,,C,, -, C,) s an associated ordered

interval number vector and each element EI ((7,. eC)is

the i-th largest interval number using Eq. (1) in the
collection {[ A" (.04 ), A7 (s;, a,)] | ien}. The

weighting vector h = (h , h,, -, h )" associated

with ¢, is defined as:

-1
h.=ﬂ ien (11)

LY Ay

where h €[0,1], D h=1. W = (w, w,, -,

T . . .. . .
w,) is a linguistic weighting vector, where each
element W, (W, € W) is associated with S, (sa‘ S

ga),and w,es§.

The UTOWA operator has many desirable properties
as follows:

Theorem 1. Let {Fa'l ,Fa'z R 30: } is any permutation

of{Eal ,Faz e Ean }, then

$G .5, 5 )=6G, .5, 5. (12)

2

Proof: Let ¢(5, , 5, ," 5, )= A(hc¢ @ hy,
@---® h,c,), and ¢(§a’] , 30[2 ETE E(;n)= A(hc!
® h,e, @ @ h,c,). Since {5, ,S, , 1,5, }isa
permutation of {5, .5, =+, S, }, using Egs. (2)-(5), we

~

o~ . ~r ~r ~r
have ¢, =¢/, i €n,then ¢ (5,.5, ", S, )
=@ (5,8, 5, )0

Theorem 2. If §, =75,

a;

ien)for Vi,then

P, S, 8, )=5,. 13)

Proof: Since Ea_ =§a for Vi, using Egs. (2)-(5) , we
have ¢ (5, .5, ., 5,) =4 (5,.5,.-.5,) =4
(h¢ ® hye @@ hc)=4 hy+hy+ -+ h)
§) =A@) =50
Theorem 3.
Mln(sal ’ Saz P San) S¢(sa] ’ Saz s 7T San)
<Max(s, , S, , S, ). (14

~ o~

Proof: Let ¢ (5, .5, .

2

-, 5, if h=h,= (0,0,

8, ) =Min(s, s

oy 2

- I)T, and ¢ (5

~ ~ ~ ~ . *
S, S, ) =Max (s, .5, .+, 5, ) if h=h"=
(1,0, ---,0)". Since cach element ¢, (C, € C) is

the i-th largest interval number using Eq. (1) in the
collection {[ A7 (s, o), A" (s, )] |i€ nj,
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using Eqgs. (2)-(5), we have
$(, 5, »5,) = AhEOhE®OhZ,)

24(c,)=Min (5, .5, ., 5, ) (5, . S,

8, ) = A(hlcl@)hzcz@ @hc,) <A() =
Max(Ea1 ,Eaz RER Ea" ).
Then,

Min(s, ,Nazl 8, SP(,.8,, 0 S,)
<Max(s, ,S, , .5, ). 0
Theorem 4. If the weighting vector h —(%, ; ,

1
, —)T , then the UTOWA operator is reduced to the AA
n

operator, i.e.,

G, .5, 5, )= A (G OF @ ®F,)].(19)
" n

1 1
Since the weighting vector h=(—,—,---, —)T ,
n n n

Proof:

it follows that by Egs. (2) and (3),
¢(Sala a "a:;an):A(hlgl®hzcz® @hC)

_slecoze-08). o
n

l
z’a’

Theorem 5. Let {5 s } and {5’

N
(l’(l’.

s Fl; }be two ordered collections of uncertain two-tuple

linguistic information. If Ea. <5s', for Vi, and the
weighting vector h is constant, then
~ ~ ~ ~r o~ ~1
P(S, Sy S, )SP(S, S, . 8, ). (16)

Proof: Let ¢5(§al , Eaz , Ean y=A4(hc, © h,c,
® @ hc,) and $(5,, S, , 8, )=
A(he! @ hye, ® ---® h,c). Since EaiSE' for
Vi, it follows that ¢, < ¢, using Eq. (1), by Egs. (2)-(5),
then 4 (hc, @ hye,® ---® hyc, )< A(he @

h,e, @ ---@® h '), hence P (5,

n-n S ’“.’San) S
~r
¢ (5,5,

o o

R San ).o0

Let k=1,
it is obV1ous that UTOWA operator is
reduced to TOWA operator.

=0, in collection {S , S

azﬁ...’

Ea”}, ien,

4. Conclusion

In this paper, we develop a new UTOWA operator and
study some desirable properties of the operator. The
proposed operator can be used to aggregate the uncertain
linguistic information in MAGDM problems. It also
enriches the existing approaches to aggregating uncertain
linguistic information. Furthermore, we shall continue
working in the extension and application in MAGDM of
the UTOWA operator. In this paper, we develop a new
UTOWA operator and study some desirable properties of
the operator. The proposed operator can be used to
aggregate the uncertain linguistic information in MAGDM
problems. It also enriches the existing approaches to
aggregating uncertain linguistic information. Furthermore,
we shall continue working in the extension and application
in MAGDM of the UTOWA operator.
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