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Summary

This paper proposes an approach to determine attribute
weights in the multiple attribute comprehensive evaluation
(MACA) problem, in which the attribute values of
alternatives are expressed in three formats of evaluation
information such as real number, interval number and
fuzzy linguistic term. In the approach, an optimization
model is constructed to determine attribute weights, which
makes the obtained attribute weights reflect the original
evaluation information. An example is used to illustrate
the applicability of the proposed approach.
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1. Introduction

Multiple attribute comprehensive evaluation (MACE)
refers to the problems of evaluating or ranking alternatives
associated with multiple attributes [2, 5]. So far a lot of
theoretical and applied research result on MACE problems
has been obtained [1, 4, 10]. In the process of MACE
analysis, one crucial problem is to assess the relative
importance or weights of the attributes because attribute

weights influence the results of rankings of alternatives [8].
Several approaches have been proposed to finish this work.

They include subjective and objective integrated approach
[8], eigenvector method [11] and mathematical
programming model [12] etc.

In classical MACE problems, the attribute values of
alternatives are usually known as only one format of
evaluation information (e.g. numerical information or
fuzzy linguistic information). However, there are many
decision situations in which the evaluation information
may be real numbers for some attributes, interval numbers
for some attributes, and fuzzy linguistic terms for the other
attributes. For instance, in the problem of evaluating air-
conditioning systems, experts’ evaluation information on
attributes such as design and safety are often not precise
enough to yield the precise numerical attribute values.
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They tend to use fuzzy linguistic terms instead of real
numbers or interval numbers to describe their evaluation
information on these attributes. But the attribute values
with respect to attributes

such as service life of air-condition would be given as
interval numbers while the attribute values with respect to
attribute such as price would be given as precise real
numbers. Therefore, MACE problems with different
formats of evaluation information become new research
topics in MACE and attract many scholars’ attention.

This paper proposes a new approach to determine attribute
weights in MACA problem, in which the attribute values
of alternatives are expressed in three formats of evaluation
information such as real number, interval number and
fuzzy linguistic term. The approach is based on an
optimization model.

The rest of this paper is arranged as follows: Section 2
presents the MACE problem with three kinds of attribute
values investigated in this paper. Section 3 proposes an
approach for determining attribute weights. In Section 4,
an example is used to illustrate the proposed method. The
last section concludes the work of this paper.

2. Representation of the problem

This section describes the MACE problem with numerical
attribute values, interval attribute values and fuzzy
linguistic attribute values. To facilitate representation and
analysis, the following notations are used throughout the

paper.
Let X ={X;, -*-,X,} be a finite set of alternatives,

C={C,, -+, C,} be a set of attributes. Let set C' =
{CI,CZ,-“,Cm]},Cz:{C Cisz> > Cp ) and
C3:{Cm2+l,cm2+2,---, C,} be three subsets of set C
and C'UC*UC® =C

m+1°

Let P=[p;],m, be the

nxm
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decision matrix, where [ denotes the attribute value for
alternative X; with respect to attribute C j - For alternative
X; , expert provides the attribute value on the attribute

1 .
Cj €C as a real number, ie, pP; €R for

ij
j =L--,m, R is the real line, and the attribute value
on the attribute Cj €C? as a interval number

L
j

where a;,a; €R,0<a; <a;.Leta,=[a

a,=[aj,a; ], ie, p;=a; for j=m+1,---,m,,
ijL ) aiLjJ ]
and @, = [aii] ,at} ] be two interval numbers, the distance
between aij and gkj [9] can be given by

= = L L u u
d(@, ay)=lay —a, [ +la; —ag|. (1)
The expert provides the attribute value on the attribute

C, e€C’ as a fuzzy linguistic term, i.e., p; €S for

j= m,+L---, m, where S=1{S,"*, S;} be a pre-
established finite and totally ordered linguistic term set
with odd cardinals [6]. Usually, the vagueness of fuzzy
linguistic information is adequate captured by the fuzzy
numbers defined in the interval [0, 1]. These fuzzy
numbers are described by membership function such as
linear trapezoidal membership function [5], linear
triangular membership function [2], Gaussian function [4]
and so on. For simplicity, we assume that the fuzzy
linguistic terms in this paper are represented in the
triangular fuzzy numbers. For example, the fuzzy
linguistic terms in the linguistic term set S = {S;, **+,S¢}
are expressed in the following triangular fuzzy numbers
[7]: S,=perfect=(0.83, 1, 1), S,=Very_ High=(0.67, 0.83,

1), S, =High=(0.5, 0.67, 0.83), S;=Medium= (0.33, 0.5,
0.67), S, =Low=(0.17, 0.33, 0.5), S;= Very_Low=(0, 0.17,
0.33), S;=None=(0, 0, 0.17)}.

For a fuzzy linguistic term [y, let its associated triangle

fuzzy number be éij =( ai? , aijf ,

i=L-, n, j=my+1,---,m. Let p; and p,; be

ai‘; ), i.e., pij = éij for

two fuzzy linguistic terms, their associated triangle fuzzy

A —(q9 f u A _;a9 f u
numbers be a;=(a; , &; , &;) and a; =(Q;,;,8;)
respectively. The distance between Pj and P, can be
given by [3]

d(pija pkj):d(é‘ij’ékj):

1 u u
\/5[(5‘3 _an)z +(aijf _akfj )’ + (aij _akj)Z] ,

i=L--,n, j=m,+1,---,m. )
Following the above notations, the problem discussed in
this paper is to assess the weights of attributes based on
decision matrix P = [p;],,, with three formats of

attribute values.

3. The proposed approach

Usually, there are two types of attributes in MACE
problems, benefit attribute and cost attribute [5]. In order
to measure all attributes in commensurate units and to
facilitate inter- attribute comparisons, to normalize the
decision matrix must be the first step of the resolution
process of the MACE problem. Then an optimization
model is constructed to assess the weights of attributes. In
the following, we give the whole process for solving this
problem.

Let set 61, c' s C? and C ? be subsets of sets C'and

C? respectively, where C' and C? be two sets of

benefit attributes, 61 and 62 be two sets of cost
attributes and C' U GIZCI, clyc?3=c>. Firstly,
the following equations can be used to normalize the
matrix P =[P ], into the matrix P =[P ], [5],

where

nxm

m
ﬁij = bij = / Z a,; for benefit attribute C J-l , 3)
k=l

ﬁij = bij = (1/ aij) Z(l/ akj) for cost attribute le ,
k=1
4)

and the following equations can be used to normalize the

element ; into the element by :[bi}' ,bi;J ], where

m
P = bij =q z 8,; for benefit attribute C J-2 , 5)
k=1

et :t_)ij =( 1/ a;) Z(l/ a,;) for cost attribute az.
k=1
(6)

The equations (5) and (6) can be alternatively expressed as
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m
L _ AL U
bij = a; szl a, B

. for benefit attribute C J-Z , (D
U U L
by =3a; 2 A
k=1

by = (1/a)/3-(1/a)
b? :(l/a;)/ﬁ(l/ath

Obviously, for any i and j, it holds 0 <b>,b’ <1. And

ij 2>

for cost attribute 61-2 . (8)

;= py=4;=(a}.a, .a}) forattribute C; C’.
In the following, an approach is investigated to

compute the weights of attributes. Let W= (W, -,

W, )T be the weight vector of attributes, where WJ- >0,

m

D w; =1 and W, is the weight of attribute C ;. If the
j=1
attribute values of all alternatives with respect to one
attribute are same, this attribute has no influence on the
alternative ranking. The greater is deviation between the
attribute values of different alternatives with respect to
same one attribute, the stronger is the influence of these
attributes on alternative ranking, and the bigger are their
weights [13]. In order to measure the deviation degree

between attribute values P and Py;, based on Egs. (1)
and (2), the distance d ([, P;) between P and Py
can be given as follows:

d (ﬁij s 5kj) =
d(bijabkj) :‘ bij - bkj |> J

i L Rt U _ U

d(bijabkj) =| bij - bkj |+ bij - bkj l,
j=m+L---,m,,
d (é‘ij > é—kj) =

= 17"'9m15

1 U U
\/g[(aﬁl - a'kgj)2 + (aijf - a'kfj )’ + (aij - akj)z]a

j=m,+1---,m,
Vi,k=1,---,n. 9)

In order to obtain the attribute weight W, , an optimization

model can be constructed as follows:

maximize D(W)=>">">"d(B;, )W, . (10a)

j=1 i=l k=l

m
subject to ZWf =1,
j=1

w; 20, j=1--,m. (10c)

(10b)

To obtain W;, the following lagrangian function is set up:
m
2
L(w,2)=D(W)+A(Q_w;-1), (1)
j=1
where A is the Lagrangian multiplier. Differentiating Eq.
(11) with respect to W; and let aL/a\Nj =0 and

0L/04 =0, we can obtain

W. = i=1 k=1 . (12)

J m n n
Jz[zzdm,mnz

j=1 i<l k=1

By the following Eq.(13), we have the normalized

attribute weights:
m
Wj=Wj/ZWj . (13)
j=1

4. llustrative example

In this section, a problem of evaluating air- conditioning
systems is used to illustrate the approach proposed in this
paper. Four types of air- conditioning systems

(alternatives) X, , X, , Xy and X, are available. Six
attributes including price (Cl ) ($M/each), electricity
economy ( C,) ($M/hour), service life of air-condition

(C,) (year), design (C, ) and safety (C; ) are considered
in the process of evaluating the four air- conditioning
systems. Attribute values on C, are assessed in the format

of real numbers, ones on C2 and C3 are assessed in the
format of interval numbers, and ones on C 4 and C5 are

assessed in linguistic term set S introduced in Section 2.

Among the five attributes, C, and C, are of cost types
and C, is of benefit type. It can be seen that C'= 0,
C'={C}. C? ={C;} and C* ={C,} . The
producer provides the information on attributes C,;, C,
and C; while the expert provides his evaluation

information on attributes C, and C; . The evaluation
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information about air-conditioning systems is shown in
Table 1.

Firstly, based on Egs. (3)-(8), we can obtain the
normalized decision matrix as follows,

P-
027 [0.14033] [0.17032] 0.67083D  ©.500.67,0.83
0.16 [0.14040] [0.19043] ©0.500.67.0.83 ©.330.500.67
033 [0.130.50] [0.14036] ©.330.500.67 ©.500.67,0.83
023 [0.170.50] [0.17039] 050067083  0.67,0.83D

Table 1: The information of producer’s and expert’s

. Attributes
Alternatives C1 C2 C3 C4 Cs
X 3000 [0.06,0.08] [79] V H
X, 5000 [0.05,0.08] [8,12] H M
Xy 2500 [0.04,0.09] [6,101 M H
Xy 3500 [0.04,007] [7,11] H V

Then, by Egs. (9) and (12), we have W, =0.31, W, = 0.41,
W, =0.29, W, =0.57, W; =0.5. By Eq.(13), we have the
normalized attribute weights Wl* =0.149, W; =0.197,
W, =0.139, W, =0.274, W, =0.240.

5. Conclusion

This paper presents a new approach to determine attribute
weights in MACA problem with three formats of
evaluation information such as real number, interval
number and fuzzy linguistic term. The approach
determines attribute weights by solving a mathematical
programming model. The proposed approach enriches the
theories and methods of MACA problems with different
formats of evaluation information. It can also be extended
to support the group multiple attribute comprehensive
evaluation situation where the evaluation information be
given by multiple experts.
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