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Summary 
In this paper, we propose a method of applying the Q-Morph to 

the closed three-dimensional triangular mesh. The Q-Morph is 

the method in order to transform the triangular mesh to the 

quadrilateral mesh. The Q-morph begins quadrilateral 

transformation from the initial front edges which are usually the 

boundary of the 2D domain. Also, the Q-Morph can be applied 

to the 3D domain. But, the closed 3D triangular mesh does not 

contain any boundary edges which can be the initial front edges. 

Because of this reason, the Q-Morph cannot be applied directly 

to the closed 3D triangular mesh.  

The initial front edges must be the path of the line segments of 

which each line segment appears as the edge of the mesh. 

Furthermore, the shape of converted quadrilateral heavily 

depends on the initial front edges. So, the initial front edge 

should be generated by taking the change of the shape into 

account for effective quadrilateral transformation.  

Our proposal is to extract feature edges from input triangular 

mesh based on the semantic mesh partitioning. And, we modify 

extracted feature edges so that the extracted edges may adapt to 

the initial front. We use existing mesh partitioning algorithm for 

feature edge extraction. In general, extracted feature edges may 

be jaggy. We smooth extracted jaggy feature edges and modify 

the triangular mesh so that the smoothed feature edges may 

appear as the mesh edge in order to create the initial front of the 

Q-Morph. 
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1. Introduction 

Triangular mesh models are widely used for representing 

3D shape in various fields such as computer graphics (CG), 

finite element method (FEM), and so on. However, a 

quadrilateral mesh is in demand because it is preferable to 

a triangular mesh in some types of FEM analysis. A 

quadrilateral mesh also attracts attention in CG research as 

the method of parameterization or the subdivision scheme. 

Many methods for creating a quadrilateral mesh have 

been proposed [1]–[8]. The Q-Morph [1], one of these 

methods, transforms the triangular mesh to the 

quadrilateral mesh. Recently, many methods of hexahedral 

mesh generation are studied for solid model generation 

[9]–[11]. However, the need of the quadrilateral mesh 

remains in the FEM. The Q-Morph method is widely used 

as understood from the adoption of it for the commercial 

FEM software ANSYS [12]. 

In [1], it is mentioned that the Q-Morph can be 

applied to the 3D triangulated domain while it is proposed 

originally for 2D triangulated domain. However, the Q-

Morph needs the initial front in order to start quadrilateral 

transformation. Usually, the boundary of the triangulated 

domain that is transformed to the quadrilateral mesh is 

used as the initial front. Because of this reason, for a 

closed 3D triangular mesh that does not have any boundary, 

it is impossible to apply the Q-Morph directly. In practice, 

Owen et al. applied the Q-Morph to the 3D CAD model 

that is separated into some regions in advance [1]. Thus, 

some boundaries must be defined to apply the Q-morph to 

the closed 3D triangular mesh.  

The shape of the quadrilateral that is created by the 

Q-Morph depends heavily on the initial front. So, we must 

define the initial front appropriately for applying the Q-

Morph to the closed 3D mesh consisting of various shapes. 

It is considered that some feature edges of the mesh can be 

used as the initial front. The traditional feature edge 

extraction is based on the local change of the surface. For 

example, the feature edge is extracted from the mesh by 

thresholding the angle between triangles that share the 

edge. Such a method extracts many redundant rough edges. 

The initial front for the Q-morph must be the closed 

boundary of the domain that is transformed to the 

quadrilateral mesh. Usually, it is not guaranteed that 

extracted feature edges compose the closed boundary 

suitable to the initial front. So, it is difficult that the 

traditional method extracts appropriate initial front for the 

Q-Morph. 

Marinov et al. proposed a re-meshing method that 

uses the boundary of the semantically partitioned regions 

[8]. Such a boundary is aligned along the sharp feature of 

the input shape while it is not based on the local shape 

information. It is considered that the boundary of the 

partitioned region can be used as the initial front. However, 

the boundary that is extracted by this method is usually 

jaggy. Such a jaggy boundary is not suitable for using as 

the initial front for the Q-morph. 

In this paper, we propose a method for generating the 

initial front for the Q-Morph from the closed 3D triangular 

mesh. The initial front that is generated by our method 

consists of the closed path of the line segment that appears 
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as the mesh edge. Furthermore, each line segment is 

connected smoothly. Such a line segment path can be used 

for creating the quadrilaterals adapted to sharp features of 

the input mesh. 

This paper is composed as follows. Related works are 

described in the section two. The creation of the initial 

front edges from the 3D triangular mesh is explained in the 

section three. In the section four, we mention how to apply 

the Q-Morph to the 3D triangular mesh. The 

implementation result is shown in the section five. Finally, 

we conclude our paper in the section six. 

2. Related Works 

Some quadrilateral or quad-dominant mesh creation 

methods have been proposed for FEM. Shimada, et al. 

proposed a method to create the quadrilateral mesh by 

packing squares to a surface [3]. They obtain desired 

position of vertices by packing squares to target surface 

according to the given vector field. Then, a triangular mesh 

is created from the obtained vertices. This triangular mesh 

is converted to a quadrilateral mesh based on directionality 

of the given vector field.  

Blacker et al. proposed the “Paving” quadrilateral 

meshing method [2]. Owen et al. also proposed the “Q-

Morph” to create the quadrilateral or quad-dominant mesh 

by converting a triangular mesh [1]. These methods create 

quadrilaterals based on front edges. The front edge is the 

boundary of the domain that is already transformed to 

quadrilateral and the domain that is not transformed yet. 

During the transformation, the front edges are advanced 

for the region of which quadrilaterals are not created yet. 

Because of this procedure, these methods are called 

advancing front method. Alexander et al. improved the Q-

Morph in order to create high quality quadrilaterals [5]. 

Quad-dominant re-meshing is also studied in the CG field. 

Alliez et al. [4] and Marinov et al. [6] proposed the quad-

dominant re-meshing method by drawing streamlines on 

the surface of the triangular mesh. Streamlines are drawn 

along the direction of the principal curvature of the surface. 

Then, quadrilaterals are created by intersections of 

streamlines. Because the direction of the principal 

curvature cannot be distinguished at a flat, sphere, or 

umbilical point, they adopt the extra procedure to improve 

the curvature direction of such a point by the trusted 

direction. Dong et al. generate the vector field on the mesh 

surface by defining the harmonic scalar field over the mesh 

vertices [7]. This vector field can be made similar to the 

principal curvature direction by setting appropriate 

constraints. 

Extracting feature vertices and edges from a 3D 

triangular mesh is a basic technique for detecting features 

from a 3D mesh. Such a feature provides us important 

shape information for effective mesh processing such as 

feature-preserving simplification. Many methods have 

been proposed [13]–[15]. However, these methods are 

based on the local shape information. 

On the other hand, Cohen-Steiner et al. proposed the 

variational shape approximation (VSA) method to partition 

the input mesh based on several error metrics [16]. When 

the input mesh is partitioned by their L
2.1

 metric, the 

boundary of regions is aligned to the direction of which the 

change of the surface is small. Marinov et al. used the 3D 

cubic curve approximation of the boundary of the region 

for quad-dominant re-meshing [8]. 

Our proposal is similar to the method of [8]. However, 

the approximated boundary curve is not the curve on the 

mesh and such a curve does not appear as edges of the 

mesh. Our proposal is to generate the smooth path of the 

mesh edges from such a boundary for the Q-Morph. 

3. Getting the initial front edges from a closed 

3D triangular mesh 

The Q-Morph starts quadrilateral transformation from the 

initial front edges. Usually, the boundary of the region that 

must be transformed to the quadrilateral mesh is used as 

the initial front edges. That is, creating the initial front 

edges from a 3D triangular mesh is to extract the closed 

path of line segments from the input mesh. In addition, 

every line segment must be the edge of the mesh. The 

quality of quadrilaterals created by the Q-Morph depends 

on the initial front edges. Due to this property, the line 

segments should be connected smoothly. 

Our proposal is composed of the following three steps. 

1. Partitioning a 3D triangular mesh into semantic regions 

by the VSA method. 

2. Smoothing the region boundary so that the boundary is 

represented by line segments on the surface of the input 

mesh. 

3. Splitting triangles in order that every line segment 

appears as the edge of the mesh according to the smoothed 

region boundary. 

3.1 Mesh segmentation by the VSA 

The VSA partitions a mesh model into several regions 

based on the error metric. The VSA defines the proxy 

consisting of a point and a normal vector. A mesh model is 

partitioned into the regions approximated by the proxy. 

The error of partitioned region is defined with respect to its 

proxy by the error metric. Then, a mesh model is 

partitioned so that the error of the regions is minimized. 

The error metric 
1.2L  defined in [16] is based on the 
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difference of the normal vectors. So, partitioning the mesh 

by the 1.2L  metric means that each region is as flat as 

possible. 

Let it  be a triangle and let in  be a normal vector of it . 

And, let  
i

N
i

X
i

P ,  be a proxy consisting of a point 

iX and a normal iN . The 1.2L  error of it  with respect to 

iP  is calculated as follows: 

 

  ||||||, 2

iiiii tNnPtE  ,  

where, || it is the area of it . Then, the error of the 

partitioned region iR with respect to its proxy iP  is 

defined as follows: 

 

   



ij Rt

ijii PtEPRE ,,, . 

The VSA clusters triangles in order to partition the 

input mesh. The clustering process is carried out by 

growing the regions from the seed triangles according to 

the error. In practice, we define some initial seeds 

randomly for the initial clustering. After clustering, we 

define the proxy of the clusters by using the area-weighted 

average of the triangle’s normal vector in each cluster. 

Then, the clustering is improved by using the proxy and 

new seed triangle that is located at the center of the region. 

Additional seeds are used for improving quality of 

clustering. For example, if maximum error of the region 

exceeds a threshold, an extra seed is added in this region. 

Then re-clustering is carried out. 

A sample partitioning result is shown in Fig. 1. This 

example started from two seeds that were selected 

randomly. We add an extra seed in each region if the 

maximum angle between the triangle and the proxy 

exceeds 3 . The obtained partition shows that the 

threshold value suits the input shape very well. However, 

the boundary of each region is usually serrate. Such a 

boundary is not desirable for creating quadrilaterals. 

 

Fig. 1  An example of partitioning a 3D triangular mesh by the VSA. 

Black triangles show the seed triangle of each region. 

3.2 Smoothing the region boundaries 

We have obtained the boundary of the regions in the 

section 3.1. What we need in this subsection is the 

boundary that consists of the path of the line segments 

connected smoothly. The method for drawing the path of 

the line segments on the surface of the mesh is studied as 

the geodesic path problem. The Dijkstra algorithm is the 

most famous algorithm to find the shortest path between 

two points. The Dijkstra algorithm was improved in 

various ways to draw the optimal geodesic line. The 

geodesic path by the traditional Dijkstra-like algorithm 

consists of the edges of the mesh. Thus, obtained geodesic 

path is usually serrate. Dimas et al. proposed a method to 

compute approximate geodesics on triangular meshes by 

straightening serrate geodesics [17]. We utilize this method 

in order to smooth the serrate boundary. 

 

 

Fig. 2 The modification of vertex position for smoothing the path of 

the line segment. (A):
i

v moves to 
i

v' . (B): If the line 

11  i
v

i
v intersects two edges, 

i
v' and 

i
v '' are inserted to the vertex 

sequence instead of
i

v . (C): If the line
11  i

v
i

v does not intersect to 

any edges, 
i

v is removed from the vertex sequence. 

The straightening procedure is carried out as follows. 

The initial geodesic path is expressed by the sequence of 

the vertices  nvvv ,, 10 . The geodesic path is straightened 

by moving the position of each vertex. The vertex iv is 

modified by iv' . iv' is the intersection of the mesh edge and 

the line 11  ii vv , as shown in Fig. 2-(A). If several edges 

intersect to the line 11  ii vv , extra vertices are inserted to 

the sequence of the vertices (Fig. 2-(B)). This modifying 

procedure is repeated until the geodesics are straight 

enough. During the straightening process, some vertices 

are removed from the vertex sequence if the line 

11  ii vv does not intersect to any edges (Fig. 2-(C)). 

In order to calculate the intersection, triangles of the 

mesh are flattened locally by rotating the triangle along the 

edge (Fig. 3). The vertex is classified by the sum µ of its 

incident angles as: 

1. Euclidean if 02  , 

2. Spherical if 02  , or 
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3.  Hyperbolic if 02  . 

  is divided by the geodesics to r  and l  as shown in 

Fig. 4. Triangles of the side r  or l  are flattened 

according to the type of the vertex in order to calculate the 

intersection. 

In [17], the straightening process is repeated until the 

line segment path is straightened enough. However, we 

repeat this process only a few times because we need only 

the smooth line segment, not the straight-line segment. An 

example of smoothing the boundary is shown in Figs. 5 

and 6. 

 

 

Fig. 3  An example of local triangle flattening. The original triangles 

are
1

t , 
2

t and
3

t . 
2

t and
3

t are rotated to 
2
't and 

3
't , respectively. 

 

Fig. 4  The sum of incident angles of the vertex. The left 

sum 321 llll   . The right sum
4321 rrrrr

  . 

3.3 Re-meshing according to the smoothed 

boundaries 

Now, we have obtained the smooth line segment path over 

a 3D triangular mesh. We create the 3D triangular mesh 

such that the line segment appears as the edge. The re-

meshing process is executed by splitting the triangle that 

the line segment traverses. Our re-meshing process consists 

of two steps. First, the triangle is split by the line segment. 

Then, triangulate the remained polygon. 

 

 

Fig. 5  The boundary of the partitioned regions. The boundary is the 

path of the mesh edges. But, each boundary is serrate. 

 

Fig. 6  The result of smoothing the boundary shown in Fig. 5. Each 

boundary consists of line segments on the surface of the mesh. 

We assume that the triangle is represented as a vertex 

loop. When the line segment traverses the triangle, 

terminals of the line segment are on the edge of the triangle. 

Then, we can obtain the looped vertex list consisting of 

vertices of the triangle and terminals of the line segment. 

Triangle splitting is achieved by processing this 

looped vertex list as follows. If the looped vertex list 

includes the line segment  baab vvLS , , this looped 

vertex list is split into two looped vertex lists,  ba vv ,,  

and  ab vv , . For example, two line segments abLS  and 

cdLS  traverse the triangle  210 ,, vvvt  . The looped 

vertex list LVL  is represented as  bcda vvvvvvv ,,,,,, 210  

(Fig. 7-(A)). When the triangle t  is split by the line 

segment abLS , the LVL is split into  bcda vvvvvv ,,,,, 21  

and  ab vvv ,, 0 . That is, the triangle t is split into the 

polygon  ba vvvv ,,, 21  that cdLS  traverses and the 

triangle  ab vvv ,, 0 . The splitting process is applied to all 

line segments in the same manner. In this example, the 

triangle t  is split into two triangles  ab vvv ,, 0 ,  cd vvv ,, 1  

and the polygon  dabc vvvvv ,,,, 2 . 
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Fig. 7  The procedure for which the line segment appears as the edge 

of the mesh. (A): The line segments 
ab

LS  and 
cd

LS  traverse the 

triangle  
2

,
1

,
0

vvv . (B): The triangle  
2

,
1

,
0

vvv is split by the line 

segments 
ab

LS  and
cd

LS . After that, the polygon  dvavbvvcv ,,,2,  

is triangulated. 

After splitting by line segments, we triangulate the 

polygon that is not triangle. Also, we triangulate the 

polygon automatically by processing the looped vertex list. 

If the polygon is represented by the looped vertex list 

 nvvv ,,, 10  , we create triangles from this polygon such 

that the looped vertex list is split into the triangle 

 210 ,, vvv  and the polygon  02 ,, vvv n . This 

triangulating process is repeated until all polygons become 

triangle. In the case of Fig. 7-(A), the polygon 

 dabc vvvvv ,,,, 2  is split into triangles  bc vvv ,, 2 , 

 dab vvv ,,  and  bcd vvv ,,  (Fig. 7-(B)). This process is 

applied to all triangles that the line segment paths traverse. 

Finally, the line segment path appears as the mesh edge. 

Then, we can use the line segment path as the initial front 

edges for the Q-Morph. An example of splitting triangles is 

shown in Figs. 8 and 9. Fig. 9 shows that the triangle is 

split according to the line segment and the line segment 

appears as the edge of the mesh. 

4. Applying the Q-Morph to a 3D triangular 

mesh 

The Q-Morph is an algorithm for transforming the 2D 

triangular mesh to the quadrilateral mesh. The Q-morph 

needs to determine the intersection of the vectors during 

the quadrilateral transformation. 

Two vectors may intersect in 3D space if these are on 

the same plane. So, in order to determine the intersection 

of two vectors, these are transformed to the vectors that are 

on the same plane. Then, it can be determined whether two 

vectors intersect or not. The Q-Morph determines the 

intersection of the vectors in 3D space by this way. 

 

 

Fig. 8  A part of Fig. 6. The line segment traverses the triangle. 

 

Fig. 9  The result of splitting triangles according to the line segment. 

The line segments appear as the edge of the mesh. 

 

Fig. 10  An example of the movement of the vertex. The vector vn  is 

the normal of the vertex v . The vector m  show the direction which is 

calculated by the smoothing process. The vector 'm is the orthogonal 

mapping of m to the plane of which the normal is 
v

n  and passes v . The 

vertex v  moves to the direction 'm . 

However, a modification is necessary for applying the 

Q-Morph to the 3D triangular mesh. It is to eliminate the 

inverted triangles after the quadrilateral creation. Moving 

vertices of which the inverted triangle is made up 

eliminates the inverted triangle. In general, the smoothing 

process moves vertices so that distribution of vertices 

becomes uniformly. Uniformly distribution of vertices can 

avoid inverting of triangles. Various smoothing algorithm 

can be used for moving the vertex. However, it is known 

that the smoothing process yields shrinkage of the shape. 

So, in order to prevent the shrinkage problem, we move the 

vertex to the direction that is orthogonal to the normal 

vector of the vertex (Fig. 10). 
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5. Implementation 

In this section, we demonstrate our proposal creating a 

quadrilateral mesh from a 3D triangular mesh. Fig. 11 

shows the 3D triangular mesh model. This is the 

RockerArm model from the Cyberware Inc.[18]. We use 

this mesh as the input mesh for our first demonstration. 

This mesh is simplified by the Qslim software [19] in order 

to reduce calculation time; our proposal could apply to 

dense meshes for detailed quadrilateral mesh creation. 

Fig. 12 shows the initial front edges that are generated 

by our proposal. The initial front edges are drawn as thick 

line. The initial front edges are generated on the boundary 

between the primitive shapes like a cylindrical or a flat 

surface. In addition, the initial front edges are aligned 

along the direction of small surface change. 

Fig. 13 shows the result of applying the Q-Morph that 

starts from the initial front edges of Fig. 12. The initial 

front edges are shown as the thick edges. In this 

implementation, we change the procedure of creating the 

quadrilateral a little in order to preserve the initial front 

edges. The Q-Morph applies special procedures “seam”, 

“transition seam” and “transition split” in some conditions. 

The seam and transition seam procedures are necessary for 

the case of which two adjacent front edges make sharp 

angle. The transition split is applied in general for the case 

when the length of adjacent front edges is much different. 

Because alignment of the front edges is disarranged by 

these procedures, we do not apply these procedures for the 

initial front edges. We leave the triangle instead of 

applying these procedures in order to preserve alignment 

of the initial edges. From Fig.13, it is shown that 

quadrilaterals are aligned along the direction of small 

surface change. 

Figs. 14, 15 and 16 show the other demonstration. Fig. 

14 is the input mesh model of the RabbitSculpture that is 

also from the Cyberware Inc.. The input mesh is also 

simplified by the Qslim. This input mesh consists of the 

surfaces of gradual bent. Fig. 15 shows the initial front 

edges generated by our proposal. In this example the initial 

front edges are also aligned along the direction where the 

change of the shape is small. Fig. 16 is the result of 

applying the Q-Morph by using the initial front edges 

shown in Fig. 15. Quadrilaterals are placed suitably to the 

direction of the change of the shape even if there is not the 

sharp feature in the input mesh. 

The performance of the implementation is shown in 

Table 1. The table shows that this result is practical for the 

pre-processing of the re-meshing. 

 

 

 

Table 1: Calculation time of the examples. 

 Mesh 

clustering 

Boundary 

smoothing 

Triangle 

splitting 

Fig. 13 21.0s 6.3s 0.9s 

Fig. 16 19.2s 6.1s 0.8s 

6. Conclusion 

We proposed a method to generate the initial front edges 

for the Q-Morph quadrilateral mesh creation from the 3D 

triangular mesh that does not have any boundary edges. 

We implemented the traditional Q-Morph directly in 3D 

space, in order to show that our proposal can generate 

adequate edges for the Q-Morph. Moreover, we can 

consider two improvements.  

One is the creation of well-shaped quadrilaterals. The 

shape of the quadrilateral created by the Q-Morph depends 

not only on the initial front edges but also the initial 

triangulation. Desired initial triangulation consists of 

equilateral triangles whose size is nearly the same. 

Sophisticated smoothing algorithms like in [20] give such 

a triangulation. Furthermore, improved Q-Morph, 

QMV(Q-Morph Variation)[5], can achieve creation of 

higher quality quadrilateral mesh. 

The other is to avoid processing the mesh in 3D space. 

Implementation of the Q-Morph in 3D space needed some 

modifications. Especially, undesirable shrinkage problem 

caused by smoothing should be solved. Recently, some 

methods for mapping 3D triangular mesh onto 2D domain 

are proposed in the computer graphics field. Our proposal 

creates the mesh that consists of semantic regions with 

smooth boundary. Such a region can be mapped easily 

onto appropriate 2D domain. We can apply the Q-Morph 

to a triangulated 2D domain of which the 3D triangular 

mesh is mapped. Then the 3D quadrilateral mesh can be 

recovered from the quadrilateral mesh of 2D domain. 

In recent years, the re-meshing methods according to 

the principal directions of the mesh surface have been 

widely studied. It is known that the mesh of faces aligned 

along the principal directions can represent the object 

shape very well. For example, edges of such a mesh are 

aligned along the principal directions. It yields smooth 

highlight line over the mesh surface. However, the 

principal directions cannot always be defined at all point of 

the surface. The Q-Morph method creates the quadrilateral 

mesh without taking account of the vector flow such as 

principal directions. As the future work, we try to create 

the mesh whose edges aligned along the change of the 

shape by giving appropriate initial front edges for the Q-

Morph. 
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Fig. 11  The input mesh of RockerArm model from the Cyberware Inc. 

(1678 vertices and 3356 triangles). 

 

Fig. 12  The result of generating the initial front edges from Fig. 11. 

The initial front edges are shown as the thick edge. 

 

Fig. 13  The result of quadrilateral transformation of Fig. 11 by the Q-

Morph. The initial front edges are shown as thick edges. 

 

Fig. 14  The input mesh of RabbitSculpture from the Cyberware Inc. 

(1280 vertices and 2568 triangles). 

 

Fig. 15  The initial front edges of Fig. 14 (thick line). 

 

Fig. 16  The quadrilateral mesh which is transformed from Fig. 14. 

The initial front edges are shown as thick edges. 


