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The Wiener Index of Some Particular Graph
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Summary

The wiener index W (G) of a connected graph G is the
sum of the distances between all pairs of vertices of G. In
this paper, we give theoretical results for calculating the
wiener index for some composed graphs (star-graphs,
path-graphs, fan-graph, etc.).
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1. Introduction

A graph G is a pair G = (V,E) consisting of a finite set V
and a set E of two-element subsets of V. The elements of
v are called vertices. An element e = {a, b} of E is called
an edge with end vertices a and b. In a graph G, a path is a
sequence of vertices and edges P = vy,eq, V1,65, ... ,Un_1,
e,, Uy sach that e; = {v;_{,v;}. A graph G is called
connected if any two of its vertices may be connected by a
path [7]. A graph can have multiple number of edges
between two vertices. A graph is simple if two vertices
there is at most one edge. In this paper , we are interested
in simple graphs and connected. The distance d(u, v)
between the vertices u and v of the graph G is equal to the
length of the shortest path that connects u and v [1, 7]. The
Wiener index W(G) of a connected graph G is the sum of
all the distances between pairs of vertices of G.

wis) = dia, 1)

wevlE) verle)
the wiener index of a vertex v in G is defined as:

w(v,G) =
u€ev(G)

d(u,v)

This index was introduced by the chemist Wiener [2] in
the study of relations between the structure of organic
compounds and their properties. It has since been studied
extensively by both chemists and mathematicians,
especially for graphs; see the survey [3, 7, 8] for many
results and references. The Wiener index is, apart from a
constant factor, the geometric mean of the extremely
values, which are given for the star Ey and the path Fy
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respectively

m + 1y
m —1)° =W(Eg) = Wil = W(E, l_(

5 )
It has same result for a planar graph Cyy

WE.) = wiC,) =W(E.)

Where E; is the maximal planar simple graph [2].

2. The main result

In this section, we will give the formulas for the wiener
index of composit graph. The interested readers for more
information on topological indices of graph operations
can be referred to the papers [3 ,4, 5, 6] and their
references.

Let G; - G, be the graph composed by graph G;, G, that
possess respectively my , my vertices connected by a
vertex s (see Fig. 1). We denote by G; the graph G, (with
m,; vertex)

\-\\ _,-/ {T >
P N

( G,

e

Fig. 1 The graph G, - G
V(Gy* Gy) =V(G1) UV(Gy).
V(G- Gl = V(G + V(G- 1.
Ifue G, ve G,
Then: d(u,v) =d(u,s)+d(s,v)
Lemma 1:

The wiener index of G, - G, is:

W(G,.Gy) = W(Gy) + W(G,) + (my — Dw(s,G,) +
(mz - Dw(s, G1)
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We generalize the previous result

Let &y be the graph composed by n graphs G, G, - -+
G, that possess respectively .My . .. .M, vertices
connected by a vertex s (see Fig. 2).

n
N=Zmi—n+1
i=1

SRS

e % ™
( G > ,IB‘\ Gn— P )
—_ . S -

e e

.

Fig. 2: Star- graphs
Lemma 2:

The wiener index of star - graph Gy = G, G, -+ G,
Is:

W(Gw) = ) w(G) +

i=1
n-1 n

Z Z [(mj — 1)w(s, G)+ (m; — 1)W(s, G]-)]

=157
Proof: we denote by: V*(G;) = V(G;)\{s}

W(Gy) = d(u,v)

uev(Gy) vev(Gy)

= Z d(u,v) +
UEV* (Gpy) VEVT (Gp)

d(u,v) +

UEV* (Gp—z) VvEV* (Gp-1)

d(u,v) +
UEV* (Gp—z) VEV* (Gy)

d(u,v) +
uev® (Gy) vev* (Giz1)

dw,v) + -+
uev* (G;) vev* (Gp)

dlu,v) + - + d(u,v).

UEVT (G1) VEV™ (G2) UEVT (G1) VEV™ (Gp)

Then

W(Gw) = ) w(Gp +

i+1

1 n

S(3 3 awn

j=i+1 \ uev* (6 vev* (G;)

n

i=1
Or d(u,v) =d(u,s)+ d(s,v) then

d(u,v) =
uev* (G;) vev* (G;)

d@ws) + (m;—1) Z d(s, v)

vev* (G))

(m;—1)

uev® (Gy)
= (m; — Dw(s, G) + (m; — Dw(s, G;).
The hence result. (]
Particular case:

If the graphs G; have the same number of vertices
m (m;=m for i=1,...1), we have:

{w(s, Gi) = w(s, G]-)

fori,j € {1,2,...,n}

Gi= G]=Gm
N=nm-n+1

Fig. 3: Star graphs Gx: G, . Gy, - ... . Gy
Lemma 3:

The wiener index of star graph Gy =G, - Gp, " Gy, Is:

WGy ) =nwlG,) +nln — 1)0m —1wis G,)
Proof: We use lemma 2.

Let Gy be the graph composed by graph G, , G, , G;  that
possess respectively my, mg, my vertices connected by

two vertices ;.51 (see Fig.4).We denote by G, - G, -
G, the graph Gy (with N = m, +m, +my = 2.
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Fig .4 the graph G, - G, - G5

Lemma 4:

The wiener index of Gy = G, - G, - G Is:

W(Gy) =W (G) + W (G) + W (G3) +
(my = D[W (51,G;) + W (s5,,G3) ] +
(my — DIW (51,6) + W (s55,G3) 1 +
(mz — D[W (51,6,) + W (52,G,) | +
(my —1(m3 — 1) d (s1,5,) -

Proof :
W(G, — Gy, — G3) = d(u,v)

u€(Gn) ve(Gn)

= W (G)+ W(G,)+ W (G3) +

(d(u,sy) +d(s,v)) +

u€ev(Gy)
VeV (Gy)

(d(w,s1) + d(sy,8,) +d(s,v)) +

uev(Gy)
veEV(G3)

(d(u,s;) + d(sz,v))
uev(Gy)
veV(Gz)
The hence result. (]

We generalize the lemma 4:

Let Gy be tree formed by the trees G;,G,, ..., G, that
possess respectively my, m,, ... ,m,, vertices, those graphs
are connected by the vertices s;,5,," ", S,_,(see Fig .5).

We denote the graph G, — G,—-* —G, by Gy
n

where N =Zmi—(n— 1)
i=1

(%

G‘, JF‘\\- ,JF‘\\-

# - 3 L ] K 4
@q\ }@.@‘ ”@
l.l P S S \ - -~ Sn_l

2 i1 PiH

Fig. 5 The path-graphs

Lemma 5:

The wiener index of path graph Gy =G, — G, — = — G, is:
n
wiGy) = Z wiG;) +

i=1

D [0m. = Dwlsy, 6) + (my = Duwls; 6,01 +

EZ_E ZF: [(m; - Dwisi6) +

i=1 j=i+l

(m; — Vwls;_y. G;) + (my — 10(my —1)d(s; 5;_4) |
Proof:

V(&) is the set of the vertices of &; and

VeiG) = viginis}

WGy = ) wiG) + Z Z e, v) +
i=1 UEV " LG —y) PEV L5y )

diuw, v)+ diwv) + -+
UET™[Gy—g) PET™ [Ey— ] UE TGy WET™ Gy

duw,v) + -+
uev*(G;) uev*(Giy1)
+ s +

d(u,v)

UEV™(G;) VEV™(Gr)

du,v) + -+ d(u,v)

u€ev*(G1) uev*(G,) uev*(G,) vev*(Gn)

d(u,v) + d(u,v) + -+
UEVT(Gy) UEV(Gp) UEV™(Gy) VEVT(Gs)

d(u,v)

Uu€ev*(G,) uev*(Gyn)
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We have for u € V*(G;) and v € F‘{Gj} :

dlu,v) =dlu, 5,1 + dis; )

Z Z dlu, v) =
wel Lo rel™ l5ieq)

(myyy — Dwlsy 6 + (m; — Vw(s;, 6,4)
And we have
for u € V*(6,) and v e V*(G). j=i+2:

d(w,v) = d(u,s) + d(s;, sj-1) + d(sj-1,V)

Z Z dlu,v) =
uellE;)" rev(c;)”

{mj - l}w(s[, G} + Gm; — Lw {sJ-_l, |_".'J} +
m; — 1) (m; — 1)d(s.55.4)
The hence the result. (]

Particular case:

Ifmj=m fori=1,...,n then

w(s;, Gy) = w(sy,G,) fori=1,...,n—1
(Did(sl, sy) =d(s;,s;41) fori=1,...,n—2
N=nm-n+1

Gy is the graph G,— G, —

G e .
m 4 Gm * Cm ‘>
"1 5,77 Sn-1

Fig. 6: The path graph: G,, — G, — ... G,

* — Gy, (see Fig. 6)

Lemma 6:
The wiener index of path graph Gy =
WiGy) =nwilG,) + nlm — 1)(n — Lw(s.Gy)

nin — 2)in — 1m — 1)¢
+ 6

dls,.s,)

Proof: We use (1) in lemma 5:

Gp — Gy — ... G is:

WGy ) =nwlG,) +nlm — 1)n —Vwis,, G,)
n-2

+2(m — 1)(sy, Gyy) Z i 14

i=1 j=i+1

n-i n
(m —1)7 Z Z d{sl-,sj_,_]

i=1j=i+2
where

Z Z 1—Z{in—1]—ij_w

i=1 j=i+1 i=

We poses
a= d{5[15[+1]1

We have d(s; si,,) =2d, ...
dlspsy )= —1—0Dd, hen:

n

Z d(spsi)=dll+2++m-1-1)

j=i+1

d
= Elfn2 +n+il1 —2n) + %]

n-X n
d
Z Z d{sl-,sj_,_}=§[ﬂ2 +a)n -2} ¢+

i=1 j=i+2
—{1—2?1]Zi+ Z

Then

nin —1)n — 2)d

WGy ) =nw(G,) +nlm — Din - Dwis,. G,)

+n(n - 2)(n; D(m—1)2

d(sy, 57)-

3. Application
3.1 Case of acycle G,

Let Gy the graph formed by cycle C,, where m is the
number of vertices (see Fig.7)

St
S '//::'\.Sm 1
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. P S
Fig. 7 the cycle C,, / \
» I ]
The wiener index of C,, is: et . he PET T
a—, N/ m \1
2 / — \ g el
e if misodd, m=>?2 , M /,";:}#n__ e
(2) W(Sl'l Cm) = mz _ 1 "-\..____.____-' 1 -.-—-._\_“ ;.-"
k if m iseven, m>3 st
.
(m? Fig. 9: the cycle graph stars €+ Ciye von 2 Ky
5 if misodd, m=>=2
3) W(Cp) = Theorem 2:
OR(CHES IAE
—— = if miseven, m=>=3
8 The wiener index of cycle graph stars &=
R S AR
2
Let Gy where by the cycle whose branches are chains W(G,,) = am (E +(m—1)(n— 1)) n is odd
Gy =Cp = Cpp = ...= Ly (ntimes) (see Fig. 8). " 4 12 ' '
i m m m ( ) ( g 8) n>2 m>2
Slo/_h“fn e e T o e
/ h nm(m? — 1) + 2(n — D(m — 1)(m? — 1
s,/ Sn—]\/ \ ¢ } W(G,,) = ( ) +2( - )( )( )’
- ' N
5.3\0;_,0/‘\0\_,0/.\\%//\°K¥/° niseven, n=2, mz=3
Fig. 8 the cycle path graph Cm — Cm == Cm Proof: We use lemma 3.

Theorem 1:

3.2 Caseofafan F,
The wiener index of cycle path graph Gy=

€m — O == O is: Let F, be the fan (see Fig. 11)

W(Gy) = %(mz +6m(n—1)(m—1)+
2(n—1)(n—-2)(m—1)?), nisodd, n=2,m=2

nm(m?—-1) nn-1Dm-1)mM?*-1)
+ +
4
, nisevenn= 2, m=>3

W(Gy) =

nm(n-1)(n-2)(m-1)>2
12

Fig. 11 the fan F,

Proof : We use (2) and (3) in lemma 6:
m—1 fori=1

Let Gy be the graphs composed by a cycle £ as a star. W(s; Fp,) =92m—4 for i=1andm
Gy is the graph C,. Cp,. ... .Cp, .(n times) (See Fig. 9), 2Zm -3 for i=3,.., m-1

The wiener index of F,[9] is:
W(,)=m?-3m+3 ,m=>3

Let Gy be the fan formed by n stars Ey connected by a
vertex s. by is Fg+ B « w o fin  (sec Fig. 12) .
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Fig. 12 Fan-graph F.. Fy . .. .Fy

Theorem 3:
The wiener index of Fan-graph Gy= fi+ B + i By is:
W) =n(m?-3m+3)+nn—-1)2m-1)
m =3, n=1
Proof: We use lemma 3.

Let Gy be star-fan composed by m-2 fan
F;. F, . Fs. ... .E, and connected by a vertex s
We denote by G, the graph F;. F, . Fs.... . F,

(see Fig.13).

Fig.13 the graph F;. F, . Fs.... . F,
Theorem 4:
The wiener index of Gy is:

m*+6md+6m?+m

W(E,) = Z , m=>3

Proof: we use lemma 2.

Conclusion

In this article we give theoretical results for calculating the
wiener index for some composed graphs (star-graphs,
path-graphs, fan-graph, etc.).
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