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Summary 
This paper proposes a bootstrap-based EM method of imputing 
missing data in socio-economic data set. The method is pro-
posed by way of designing a simulation study in the context of 
GNH data set. The data set is explored for significant latent 
factor(s) and manifest variables. A model is fitted to it and 
based on the model, pseudorandom data with specific 
missingness mechanism are generated. The generated missing 
data are imputed with both traditional and proposed methods 
under MCAR, MAR and MNAR missingness mechanism. The 
model estimates and the MASE values of the proposed method 
are compared with that of the traditional methods to assess the 
accuracy of the proposed method. The method is then applied 
to incomplete GNH data set after ascertaining its validity. 
Key words:  
Bootstrap, Missingness, Imputation, Algorithm. 

1. Introduction 

Missing data are common in all researches and research-
ers are often confronted with the dilemma of dealing with 
it.  Some researchers tend to use ad hoc methods to cre-
ate a complete data set from the incomplete one [1]. The 
simplest method is known as complete case analysis in 
which only experimental units that have no missing val-
ues for any of the variables are included in the analysis 
[2]. Many statistical software packages use this method. 
This method works satisfactorily in a scenario where the 
missing data percentage is relatively small and the bias is 
minimum. However this is not usually the case on the 
ground. Alternative to this method is imputation  [3]. It 
involves filling in plausible values for the missing ones 
in order to obtain complete data. There are a number of 
imputation methods which can be performed to achieve 
the desired outcome of a completely observed data set [4]. 
The efficiency of these methods varies with missing data 
mechanism.  
According to Rubins’s (1976) the complete data consists 
of the scores that you would have obtained had there 
been no missing values. It is partially a hypothetical enti-
ty for some of its values are often missing. However, in 
theory, each case has a score on every variable. There-

fore, we assume that a complete set of scores does exist. 
In practice, we think of the complete data as consisting of 
two components, the observed data and the missing data. 
The observed data contains the observed scores while the 
missing data contains the hypothetical scores that are 
missing.   
The objective of this paper is to explore and propose an 
imputation method that consistently yields unbiased es-
timates under all missing completely at random (MCAR), 
missing at random (MAR) and missing not at random 
(MNAR) missingness mechanism. In order to achieve 
this objective a simulation study in the context of GNH 
data is conducted.  
GNH is the Bhutan government’s development concept 
coined in an attempt to invent an indicator that assesses 
the quality of life (QoL) in more holistic and psychologi-
cal terms than Gross Domestic Product (GDP). To this 
end the government has taken initiatives of developing 
measurable GNH indicators by designing questionnaires 
and conducting surveys. The survey questionnaire covers 
a wide range of data on multiple domains of well-being, 
namely psychological well-being, health, education, 
culture, time use, good governance, community vitality, 
ecological diversity and resilience, and living standards. 
A pilot survey was first conducted in 2006 with 350 re-
spondents. A full-fledged survey was later conducted in 
2007 and 2010 [5]. As with any survey, GNH survey is 
also riddled with missing data problem for various rea-
sons. 

2. Traditional and Modern Method of Han-
dling Missing Data 

Listwise deletion method deletes all cases with missing 
value on any of the variables in the analysis. It uses only 
complete cases. This method is appropriate only if the 
missing data are MCAR, otherwise it produces biased 
estimates. Pairwise deletion method uses all available 
cases for computation of any sample moment. The prob-
lem with this method is that it can lead to non-positive 
definite variance-covariance matrices because it uses 
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different pairs of cases for each entry. And also it leads 
to biased standard errors under MAR mechanism. Single 
imputation methods, namely mean substitution, regres-
sion imputation and hot deck lead to biased parameter 
estimates, variance and standard errors [6]. These are all 
traditional methods of handling missing data.   
Maximum likelihood (ML) and Expectation Maximiza-
tion (EM) algorithm are modern methods of handling 
missing data but they too are not without flaws. They 
aren’t always robust to violations of distributional as-
sumptions of multivariate normality [7].  
Multiple imputation (MI) is a state-of-the-art method of 
handling missing data [8, 9]. It is flexible and yields 
consistent, asymptotically efficient and normal estimates 
under MCAR and MAR mechanism [10]. Imputation by 
Chained equation is one of the prominent MI methods 
[11]. 
Of all these traditional and modern methods we consid-
ered single mean imputation method, conditional mean 
imputation method and imputation by chained equation 
to assess the validity of our proposed bootstrap-based 
EM imputation method. We showed a mathematical 
framework for chained equation and the proposed meth-
od in the following section.   

3. Framework of Imputation Methods 

3.1 Imputation by Chained Equation 

Let jY
 with ( 1, , )j p   be one of p  incomplete varia-

bles, where 1( , , ).pY Y Y 
 The observed and missing 

parts of jY
 are denoted by 

o
jY

 and 
,m

jY
 respectively, so 

1( , , )o o o
pY Y Y 

 and 1( , , )m m m
pY Y Y 

 stand for the 

observed and missing data in .Y  The number of imputa-

tion is equal to 1.m   The thh  imputed data sets is de-

noted as 
( )hh  where 1, , .h m   Let 

1 1 1( , , , , , )j j j pY Y Y Y Y    
 denote the collection of the 

1p   variables in Y  except 
.jY
 

Let the complete data Y  be partially observed random 

sample from the -variatep multivariate distribution 
( | ).P Y   We assume that the multivariate distribution of 

Y  is completely specified by ,  a vector of unknown 
parameters. The problem is to get the multivariate distri-
bution of .  The algorithm of chained equation obtains 
the posterior distribution of  by sampling iteratively 
from conditional distributions of the form:  

1 1 1( | , )
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conditional densities and are not necessarily the product 

of a factorization of the true joint distribution ( | ).P Y   
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Where 
( ) *( )( , )t o t
j j jY Y Y

 is the thj  imputed variable at 
iteration .t   
Although EM produces correct parameter estimates, 
standard errors for inferential analyses are biased down-
ward because the analyses of EM-generated data assume 
that all data arise from a complete data set without miss-
ing information [12]. Also the analysis of the EM-based 
data doesn’t properly account for the uncertainty inherent 
in imputing missing data. Bootstrapping may be used to 
overcome this shortcoming. 
Imputation by Bootstrap-based EM Algorithm 
Assuming that the complete data are multivariate normal 

[13], let’s denote ( )n k  data set as ,Y  then 

 k~N , ,Y  
 (3) 

Which states that Y  has a multivariate normal distribu-
tion with mean vector  and covariance matrix .  The 
essential problem of imputation is that we only observe 

,oY  not the entirety of .Y To gain traction we make the 
usual assumption in multiple imputation that the data are 
MAR [14]. Let M to be the missingness matrix, with 

cells 
1ijm 

if 
m

ijd Y
 and 

0ijm 
 otherwise. 

 ( | ) | .op M Y p M Y
 (4) 

Our concern is the complete-data parameter,  , .  
 

The observed data for now is 
oY  and ,M  the 

missingness matrix. Thus, the likelihood of our observed 

data is ( , | ).op Y M   From the MAR assumption, we can 
break this up, 

     , | | | .o o op Y M p M Y p Y 
 (5) 
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Since we are only concerned about the inference on the 
complete data parameters, we can write the likelihood as: 

   | | ,o oL Y p Y 
 (6) 

This can be rewritten using the law of iterated expecta-
tion as: 

   | | .o mp Y p Y dY    (7) 

With this likelihood and a flat prior on ,  we can see the 
posterior as: 

     | | | .o o mp Y p Y p Y dY      (8) 
Taking the draws from posterior has been one of the 
main computational difficulties. EM algorithm is a com-
putational approach to find the mode of the posterior. 
And bootstrap-based EM algorithm combines the classic 
EM algorithm with a bootstrap approach to take draws 
from the posterior. 

4. Designing a Simulation Study 

Fig. 1. Simulation scheme of determining missing data imputa-
tion method. 

Simulation study begins with the exploration of GNH 
survey questionnaire (a). It includes extracting hypothet-
ical latent factors (b) and selecting a pool of variables 
closely associated with the latent factor(s) (c). With the 
extracted latent factor as a response variable we model 
the selected variables (d). Then we obtain the conditional 
mean of the model, and the variance of the response and 
manifest variables (e). Using the obtained conditional 
mean and the variance we generate a new set of pseu-
dorandom data (f). Then we fit a model to pseudorandom 
data and record the estimates (g). Next we invoke MCAR, 
MAR, and MNAR missingness mechanism in the re-
sponse variable and get the resultant MCAR, MAR, and 
MNAR data (h). Subsequently, we employ imputation 
methods to resultant missing data (i). Get estimates after 
imputation and then compare it with the estimates ob-
tained before imputation (j). Assess the accuracy of im-
putation methods and recommend the best one for socio-
economic data (k). 

4.1 Exploring Data Set and Modeling 

This simulation study explored only a part of GNH sur-
vey that pertains to psychological domain. That too, of 
the four hypothetical indicators and 19 manifest variables, 
only one indicator and the corresponding five manifest 
variables are considered. The indicator variable is as-
sumed as ‘life satisfaction’ and the variables are, namely 
‘satisfaction with health,’ ‘satisfaction with standard of 
living,’ ‘satisfaction with occupation,’ ‘satisfaction with 
family relationship,’ ‘satisfactions with work life bal-
ance.’ All the variables are measured on a five-point 
satisfaction scale where 1 being the lowest and 5 the 
highest. 

Let 1 2 3 4 5,  , ,  , x x x x x  represent five manifest variables 

assumed to be linked to 1f , a latent indicator [15]. The 

assumption that single factor is adequate and that mani-
fest variables are closely associated with it are tested by 
performing factor analysis. 

Table 1. Test for number of factors 

Test of the hypothesis that 1 factor is sufficient. 
The chi square statistics is 18.24 on 5 degrees of freedom
The p-value is 0.00266
 
Since a single factor is adequate for the data, we have a 
factor analysis model as: 
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1 1 1 1x f u   (9) 

2 2 1 2x f u   (10) 

3 3 1 3x f u   (11) 

4 4 1 4x f u   (12) 

5 5 1 5x f u   (13) 

  is a weight or factor loading on the common factor. 

The factor loadings are calculated as: 

Table 2. Factor loadings 

Variable 
1i f  

1x  0.859 

2x  0.690 

3x  -0.225 

4x  0.958 

5x  -0.521 

 
Only the significant variables 1 2, ,x x and 4x  are included 

in the simulation study since they have high loadings on

1f . 

A regression model is fitted as the response variable ( 1f ) 

is a continuous variable: 

1 1 1 2 2 4 4f x x x        (14) 

Table 3. Parameter estimates of the fitted model 

Variable Parameter est. Std. err. p-value 

Intercept 
-2.274 0.003 < 2.2e-16 ***

1x  0.006 0.001 3.425e-10 ***

2x  0.012 0.001 9.858e-15 ***

4x  0.638 0.001 < 2.2e-16 ***

 
The estimates of the model are used to obtain the condi-
tional mean 1[ ]E f of the response variable which, in turn, 

is used to generate pseudorandom data. 

4.2 Data Generation and Invoking Missingness 
Mechanism 

Using the conditional mean, 1[ ]E f and the variance, 2
r  

of the response variable, a new response variable *
1f is 

generated from a normal distribution, 
* 2

1 1~ ( [ ], ).rf N E f   In a similar fashion three more vari-

ables, * * *
1 2 4, ,x x x  are generated using the 1[ ]E f and the 

variance of the three selected manifest variables. As a 

result we have a set of new data * * * *
1 2 4 1, , , .x x x f    

*
1f  is 

used to create a binary missing data indicator as:  

*
11 if  is observed

0 otherwise

ij
ij

f
R

 


 (15) 

The missing data probability   is then invoked in *
1f  

according to the standard definition of missing data 
mechanism: 

 0( ) exp  for MCARx it   (16) 

1 2 4

* * *
0 1 2 3(x)= exp + + +  for MARit x x x        

 (17) 

1 2 4

* * * *
0 1 2 3 4 1(x)= exp + + + +  for MNARit x x x f         

 (18) 

Where   exp( )
exp

1 exp( )

x
it x

x



 

i  is used to produce a specific level of missing data. We 

set it at 30% in all simulations.  Three new response 
variables with different missing data pattern are generat-

ed: *
1MCARf  generated by invoking equation (16), *

1MARf  
from equation (17), and *

1MNARf  from equation (18). The 

final data set * * * * * * *
1 2 4 1 1 1 1, , , , , ,MCAR MAR MNARx x x f f f f    is used 

to test the validity, efficiency and the robustness of the 
proposed method.  

Table 4. Values of coefficient used in the model of invoking 
missingness mechanism 

Missingness level 30% 

Mechanism 0 1 2  3 4
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MCAR 0.89 - - - - 
MAR 6.09 4.2 5.3 1.002 - 

MNAR 0.01 3.04 4.03 0.1 5.91 

4.2.1. Fitting Model and Getting True Estimates 

Table 5. Parameter estimates of the original data 

Parameter Estimates Std. Error P-value 

Intercept 0.014 0.061 0.813 
*
1x  0.079 0.029 0.007** 
*
2x  0.501 0.058 <2e-16***
*
4x  0.040 0.026 0.122 

 
This model is estimated from complete pseudorandom 
data before invoking missingness mechanism, and will 
be referred as original data or true estimates in the subse-
quent sections. The variance of the response variable of 
original data is 2.056 and that of survey data is 0.995. 

4.3 Missing Data Imputation after Generating Spe-
cific Missing Mechanism 

Table 6. Parameter estimates of models fitted under 
MCAR, MAR and MNAR missingness mechanism 

30% missingness 
 MCAR MAR MNAR 

Pa-

ramet

er 

Esti-

mates 

St

d. 

er-

ro

r 

P-

value 

Esti-

mates 

St

d. 

er-

ro

r 

P-

value 

Esti-

mates 

St

d. 

er-

ro

r 

P-

val-

ue 

 Single Mean Imputation 

Inter-

cept 

-

0.007 

0.0

57 

0.9071

39 
0.477 

0.0

55 

2e-

16*** 
0.996 

0.0

37 

2e-

16*

** 

*
1x  0.105 

0.0

27 

0.0001

49*** 
0.014 

0.0

26 
0.601 

-

0.023 

0.0

18 

0.18

6 

*
2x  0.347 

0.0

50 

1.49e-

11*** 
0.145 

0.0

48 

0.002

79** 
0.045 

0.0

32 

0.15

8 

*
4x  0.066 

0.0

24 

0.0066

89** 
0.029 

0.0

23 

0.011

20 
0.013 

0.0

16 

0.41

9 

Conditional Mean Imputation 

Inter-

cept 

-

0.835 

0.0

87 

<2e-

16*** 

-

0.966 

0.0

78 

<2e-

16*** 

-

0.078 

0.0

52 

0.13

6 

*
1x  0.160 

0.0

42 

0.0001

58*** 
0.422 

0.0

37 

<2e-

16*** 
0.212 

0.0

25 

5.72

e-

16*

** 

*
2x  0.356 

0.0

77 

4.66e-

06*** 
0.933 

0.0

68 

<2e-

16*** 
0.457 

0.0

46 

<2e-

16*

** 

*
4x  0.253 

0.0

37 

5.13e-

11*** 
0.357 

0.0

33 

<2e-

16*** 
0.176 

0.0

22 

3.29

e-

14*

** 

Multivariate Imputation by Chained Equation 

Inter-

cept 

-

0.067 

0.0

63 
0.3015 0.154 

0.0

57 

0.007

01** 
1.022 

0.0

42 

<2e-

16*

** 

*
1x  0.076 

0.0

30 

0.0128

* 
0.018 

0.0

27 

0.506

23 

-

0.148 

0.0

20 

9.16

e-

13*

** 

*
2x  0.473 

0.0

60 

3.87e-

14*** 
0.404 

0.0

54 

5.26e-

13*** 

-

0.065 

0.0

35 

0.10

2 

*
4x  0.056 

0.0

27 

0.0375

* 
0.063 

0.0

24 

0.008

94** 
0.019 

0.0

12 

0.29

5 

 Imputation by Bootstrap-based EM algorithm 

Inter-

cept 
0.367 

0.1

00 

0.0003

17*** 
0.015 

0.0

61 

0.810

71 
0.015 

0.0

61 

0.80

9 

1x  
-

0.021 

0.0

40 
0.602 0.079 

0.0

29 

0.007

04** 
0.079 

0.0

29 

0.00

7** 

2x  0.231 
0.0

86 

0.0075

34** 
0.500 

0.0

58 

<2e-

16*** 
0.500 

0.0

58 

<2e-

16 

4x  0.026 
0.0

32 

0.4185

63 
0.040 

0.0

26 

0.122

23 
0.040 

0.0

26 

0.12

2 

4.4 Assessing the Accuracy of Imputation Method 

The Mean Averaged Squared Error (MASE) values are 
calculated after generating missingness according to the 
respective missingness mechanism as: 

 2

1

1 nn
M OD
i i

i

MASE
nn

 


   (19) 

Where M
i fitted values are obtained from imputation 

method, M and OD
i are fitted values from the model 

fitted with original data ,OD and nn is the number of 

simulation runs. A large difference between the two 
curves would have high MASE, implying bad imputation. 

Table 7. Accuracy assessment of imputation methods 

Imputation meth-
od 

Missingness Mechanism 

MCAR MAR MNAR 
Mean Averaged Squared Error 

(MASE) 
Conditional Mean 
Imputation 

330.5286 915.5755 41.95221 

Single Mean Im-
putation 

20.72345 213.6095 569.5512 

Chained Equation 1.669 89.011 871.7025 
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Imputation 
Bootstrap-based 
EM Imputation 

1.437264e-
05 

3.201213e-
05 

0.0001213614

5. Result and Discussion 

The variance of the response variable from the original 
data and survey data are very similar. The former being 
2.056 and the latter 0.995. The results of estimates from 
model using Chained Equation and Bootstrap-based al-
gorithm are more close to original data than single mean 
imputation and conditional mean imputation. Conditional 
mean imputation has the worst estimates. According to 
MASE values bootstrap-based EM method is the best 
followed by chained equation method, single mean impu-
tation, and conditional mean imputation for MCAR data. 
The result is same for MAR data as well. For MNAR 
data bootstrap-based EM imputation is followed by con-
ditional mean imputation, single mean imputation, and 
chained equation imputation. This MNAR result not 
consistent with MCAR and MNAR test may be put 
through further test. Clearly under all missingness mech-
anism bootstrap-based imputation is the best method.  

6. Application to Incomplete GNH Data Set 

Incomplete data set (Table 8) from GNH survey is sub-
jected to missing data mechanism identification method 
(Table 9) that we’ve developed. The missing values are 
imputed by the imputation method of Bootstrap-based 
EM algorithm (Table 10). The resultant complete data is 
ready for any statistical analyses.  The whole process is 
depicted in fig. 2. 

Table 8. Incomplete survey questionnaire of ‘life 
satisfaction domain’ of GNH 

Variable 

Question using a five-
point Likert item (i. 
strongly disagree, ii. 
Disagree, iii. Neither 
agree nor disagree, iv. 

Agree, v. strongly agree) 

Missingness 
ratio 

Satisfaction with 
health 

How satisfied are you with your 

health? 
113/350 

Satisfaction with 
standard living 

How satisfied are you with your 

standard of living? 
98/350 

Satisfaction with 
occupation 

How satisfied are tour with your 

major occupation? 
98/350 

Satisfaction fami-
ly relationship 

How satisfied are you with your 

family relationship? 
103/350 

Satisfaction with 
work balance 

How satisfied are you with your 

work life balance? 
56/350 

Table 9. Result of applying missing data mechanism 
identification method to the incomplete survey 

questionnaire 

Variable  Inference 
Satisfaction with health MCAR 
Satisfaction with standard of living MNAR 
Satisfaction with occupation MAR 
Satisfaction with family relationship MCAR 
Satisfaction with work life balance MCAR 

Table 10. Result of imputing the incomplete survey 
questionnaire by Bootstrap-based EM imputation method  

 

Fig. 2. Schematic diagram of applying the proposed imputation 
method to incomplete survey data  
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