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Summary

This paper investigates the performance of multiple-input
multiple-out (MIMO) wireless communication systems in a multi-
user environment. The user information is defined by a data
matrix generated by the observed input-output data of the system,
from which subspace identification method is developed using
LQ-decomposition of the matrix. The LQ-decomposition is
basically used to solve for the user transmitted signals from a
mobile station to the base station. Then the relation between the
data matrix and the channel information based is derived using
singular value decomposition (SVD) algorithm. The effect of
additive white noise due to the wireless channel on the SVD of a
rectangular matrix is considered to estimate channel capacity of a
MIMO system in multi-user environment. Simulation results are
then presented to evaluate the performance of the MIMO system
in terms of channel capacity, which illustrate that multi-user
MIMO systems have good channel capacity.

Index Terms:

Bit error rate (BER), channel capacity, multiple-input multiple-
output (MIMO), multi-use, signal-to-noise ratio (SNR).

1. Introduction

The next generation wireless communication systems
require high data rates and reliability as dictated by the ever
increasing applications requirements. This calls for the
design and implementation of communications systems to
be highly adaptive and flexible enough to meet various
quality-of-service (QoS) requirements. Recently, most
communication systems deal with multiple users who share
the same radio resources. Multiple-input multiple-output
(MIMO) techniques promise to offer improved
performance for future wireless communications systems
[1]-[2]. They facilitate performance improvement by
enhancement in the link quality (through spatial diversity)
or throughput gain (through spatial multiplexing), which
also leads to bandwidth efficiency and increased channel
capacity in high signal-to-noise (SNR) environments [1],
[3]. In particular, MIMO channels involve space-time
coding which maps input symbol streams across space and
time for diversity and coding gain at higher data rates [4]-
[6], while spatial multiplexing involves transmitting
independent data streams across multiple antennas [3]. In a
nutshell, space-time coding provides diversity gains, while
spatial multiplexing achieves high data rates. Generally, the
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performance of either of these mechanisms is highly
dependent on the MIMO channel conditions, as it has been
pointed out in [3] that if the MIMO channel is spatially
uncorrelated, it is known to be well conditioned to achieve
spatial multiplexing gain. On the other hand, if the MIMO
channel is spatially correlated, it is much less able to
support spatial multiplexing; in which case performance
can be improved through spatial diversity [3], [5]-[6].

In a multi-user MIMO wireless communication system, a
base-station with multiple antennas usually communicates
with a group of users simultaneously, and the individual
users are equipped with multiple antennas. Multiple
antenna systems have been successfully deployed for
emerging broadband wireless access networks such as
Mobile WIMAX [1], [7]. With the advent of the 4th-
Generation (4G) broadband wireless communications, the
combination of MIMO wireless technology with
orthogonal frequency division multiplexing (OFDM) has
been recognized as one of the most promising techniques
[11, [3], [5], [7]- In particular, coding over space, time and
frequency  domains  provided by MIMO-OFDM
communication systems enable a much more reliable
detection and decoding of data from the transmitter to the
receiver [5], [8]-[9].

The remainder of this paper is organized as follows:
Section II. Section Il presents the mathematical models
used for MIMO channel techniques. Section IV and finally
the concluding remarks in Section V.

2. Related work

Recent research works have culminated into a profound
foundation for future developments in  wireless
communications theory and techniques. Some of the
ground work was proposed by the authors in [10], whereby
maximum likelihood (ML) technique was extended to build
single-input, single-output (SISO) model based on input-
out sequence data sequences. Then variety of statistical
identification techniques emerged as prediction error
methods, for which various identification algorithms have
been established and tested for SISO. However, conducted
research in the case of MIMO systems illustrate that the
prediction error techniques do not satisfy the required
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optimization system parameters [3], [5]-[7]; hence have
inherent difficulties for MIMO systems. As an alternative,
stochastic realization theory evolved, which does not rely
on optimization concepts to build models based on data;
but apply deterministic realization theory with sample
estimates of process covariances or apply canonical
correlation analysis to the future and the past of the
observed system processes. Such algorithms have been
shown to be numerically stable in linear algebra, through
the use of singular value decomposition (SVD) for example
[11]. A great effort has been applied on SVD and QR
decomposition in literature also through the works in [12],
[13], [14]; which also lead to subspace identification
methods as shown by the various works such as [15], [16],
[17], [18] to mention a few. The key advantage of subspace
identification methods is that they are not subject to
inconveniences experienced when applying prediction error
techniques in MIMO system identification as nonlinear
optimization techniques are not required [17].

The SVD, together with LQ-decomposition have been
extensively used in realization based stochastic subspace
identification methods [14], [18]-[19]. In essence, the LQ-
decomposition provides the preliminary orthogonal
decomposition of an output process into deterministic and
stochastic components to develop a stochastic realization
theory for exogenous input [9]. Hence, the LQ-
decomposition basically transforms a given data matrix
into a product of lower triangular and an orthogonal matrix,
in which case the triangular matrix carries the useful
information for system identification, while the other
provides orthogonal bases of the row space of data matrix.
The LQ-decomposition has been mainly used for link
adaptation in MIMO-OFDM systems, although the
problem is still far from being completely solved. The key
focus of this paper is basically to investigate the
performance of MIMO communication systems in a multi-
user environment. The next section presents the MIMO
system model, as a derivative of a single-input, single-
output (SISO) system.

3. MIMO System Model

It has been established in literature that the channel
capacity of a single-user single-output (SISO) system with
Ny transmit antennas by Ny receiver antennas is
proportional to N, = min{N:.Ng) [3]-[4], [7], [17]. In
general, however, MIMO channels change randomly.
Therefore the variable H, which represents the channel
matrix, is a random factor; which means that the channel
capacity is also randomly time-varying. In other words, the
MIMO channel capacity can be given by its time average.
In practice, we can safely assume that the random channel
is an ergodic process [17]. In general, the MIMO channel
gains are not independent and identically distributed (i.i.d.).

The channel correlation is closely related to the capacity of
the MIMO channel.

3.1 MIMO Channel Capacity
In MIMO systems, a transmitter sends multiple streams

using multiple transmit antennas. The transmit streams can
then be represented by deterministic channel
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Fig. 1: MIMO System with NzX IV antennas.

matrix H £ C¥=*¥ for a MIMO system with Ny transmit
antennas and Ny receive antennas as shown in Fig 1. For
any transmitted symbol vector x & C¥=** comprising Ny
independent input symbols x,x;....x y_; the receiver gets
the received signal vectors by the multiple receive antennas,
for which the received signal y € C¥#** can be expressed

by the following:
_ [E
y=|
48T
where represents E,. the energy of the transmitted signals,
Z = (24,23 . 2y, ) € CYF*YT represents a zero-mean
circular symmetric complex Gaussian (ZMCSCG) noise
vector [20]. Following the works in [7], [8], [14], [19], the
channel model H e C¥=*¥ can be represented using
singular value decomposition (SVD) as follows:
H = ULV¥ (2)

Hx+z (1)

where U £ C¥&*¥ and V e C"=*"r are unary matrices,
T e C¥=*¥r js a rectangular matrix comprising diagonal
non-negative real numbers and off-diagonal elements with
the values of zero. The singular values of the matrix H are
the diagonal elements of £ which can simply be denoted by
Ty, Oz s Oy, Where Npggn = min{Np, Ng), with the
assumption that the diagonal elements H are ordered
singular values such that o, = @, = = = ay_, . The rank
of H therefore corresponds to the number of singular
values, (rank(H) = Np;n). From the SVD of matrix H, the
following holds eigen-decomposition [14]:
HH = ULV U® = QAQF (3)
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where @ = U such that Q%Q=1,_ (where I,_ is an
Nz x Ny identity matrix), and A e C¥=*¥ is a diagonal
matrix for which the diagonal elements are given by the
following expression [14]:
I:I'l::J ff i= 1,2, ...,f'lurm[ﬂ
A= 4
':I_. :‘f :- = 1nirm[ﬂ + 1_. |||_|J.n~rﬁl

Since the diagonal elements of A in Eq. (2) above are
eigenvalues {A[}‘E’:l, then Eq. (3) illustrates that the singular
values {z?} for the matrix H are the eigenvalues of the
Hermitian symmetric matrix HH# (i.e. H¥H). Based on the
fundamental principle of information theory, the mutual
information of two continuous random vectors x and y is

given by the following:

Ix:y) = Hiy) — H(ylx) (3)

where Hiy) is the differential entropy of y and H{ylx) is
the conditional differential entropy of ¥ when x is given.

As a result of the statistical independence of the two
random variables z and x above, Eq. (1) can be used to
establish the following relationship:

Hiy|x) = H(z) (6)

Using Eqg. (5) and Eg. (6) above, the following expression
can be established:

Ix:;y) = Hly) — H(z) ()

From Eq. (7), the capacity (£) of a deterministic wireless
channel can be defined as the maximum mutual
information that can be achieved by varying fix]}, which is
the probability density function (PDF) of a transmit signal
vector x given by the following:

£ = max I(x: y) bits fchannel use (8

It has been established in [21] that the mutual information
in Eq. (7) above can be expressed as

E
I(x; y) = log; det([;.;a +ﬁHRHHH]}Jps;Hz (@)
bl il

where R, is the autocorrelation of the transmitted signal
vector defined as R,, = E{xx®] for which the trace
Tr(R,,) = Ny if the transmission power of each antenna is
assumed to be 1. When the channel state information (CSlI)
is not known at the transmitter side, the transmit energy can
be spread all equally among transmit antennas. The CSI
simply refers to the known channel properties of a wireless
communication link. When available at the transmitter side,
the CSI makes it possible to adapt transmissions to current
channel conditions of the wireless channel, which is crucial

for achieving reliable communication with high data rates
in multi-antenna systems [13], [21]. The CSI is usually
estimated at the receiver side and fed back to the
transmitter side. Because the channel conditions vary
instantaneous, the CSI needs to be estimated on a short
term basis for efficient adaptation.

Based on Eqg. (8) and Eq. (9), the autocorrelation function
of the transmit signal x therefore becomes R, = I ; in

which case the wireless channel capacity of a is given by
the following expression:

EI
£ = log, det ([:'.r +

H
-+ v HH ]hps,-’Hz (10)

From Eq. (3), eigenvalues decomposition HHY = QA Q¥
and the identity det(I, + AB) = det(I, + BA) where
A e CV=*¥ and B e C""*¥r can be used to express the
channel capacity as the following [21]:

QaQ?)

€ = log, det ([ =
08z v TN,

Ex A] 11
NZN, (1)

Zrl (1 EIJ{]
—[_1 0f2 +NTNDL'

where * represents the rank of matrix H, such that the
following holds: » = N;,, £ min(Ny x Nz

As an illustration, Fig. 2 shows a cumulative distribution
function (CDF) of capacity for a random MIMO channel
when CSI is not available at the transmitter side. As the
figure illustrates, 4 x 4 MIMO system achieves a higher
capacity than a 2 = 2 MIMO system; hence, channel

capacity improves with the increasing number of transmit
antennas.

= log, det([NI__! +

3.2 Multi user MIMO channels

In a multi user MIMO channel, uplink channel is called
multi access channel (MAC) while downlink is referred to
as broadcast channel (BC). Assume that the base
transceiver station (BTS) and a mobile user node (MUS)
have Nz and N, respectively. We consider a downlink
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Fig. 2: MIMO systems channel capacity distribution.

BC where x € £¥5%1 is the transmit signal from the BTS,
while y; e C¥*1 represents the received signal for the ith
user, i = 1.2,..., K for a total of £ number of users. We let
H} e C™#*M= {0 represent the channel gain from the BTS

to ith user. The received signal at the ith user can then be
represented by the following

(12)

where z; e C¥#** js the additive ZMCSCG noise vector.
From Eq. (12), all the user signals can be expressed as

Lkl f' 2y

., o Ty
2= x s |7 (13)
¥ z Ty

The capacity region of a Gaussian broadcast channel is
problem yet to be solved [3]-[4], [6]-[7]- In this paper, we
consider the situation whereby Nz = 3, Ny = land K = 3,
based on the works presented in [22]-[23] which used DPC
algorithm and the duality of uplink and downlink channel
capacities to derive the capacity of a BC. Based on Eq. (13),
the received signal is given by

¥ HP [*: xy
V2| = |HE| |x2] + |22 (14)
¥z HPl Lx; Xy

—

I
=

where HF £ C**2 expresses the channel matrix between the
BTS and the ith user for i = 1,2,3 and x; is the signal

transmitted by the ith transmit antenna. Assuming the
channel state information is available at the BTS, the
overall channel can be LQ-decomposed as follows:

(15)

where L represents block lower triangular matrices with a
zero block at the upper right corner, with an orthogonal
matrix Q. Each column of the L-matrix is an input-out.
With reference to the works on [8]-[9], the components of
the L and Q matrices can be expressed as follows:

{11 = "Hf".-
1
41 = 1., HY.
11
Iz = q.. (HT), (16)
lzp = IHF — 13 q4l.
Lo
gz =1—(H7 — 3, q,).

{I:

where (-}# simply represents the conjugate transpose of H
(transjugate). Based on the channel information given by
Eqg. (16) above, the transmitted signal = can therefore be

precoded, such that the detected complex signal strength at
the receiver side can be modelled by

y=H=x+z 17

Assuming the transmission power Fr from the BTS is
shared among the users by p; P for the 1st user, po P for
the 2nd user and (1 — p, — py ) B for the 3rd user, the
channel capacities C,, £; and C; for the three users is
given by the following expressions [21]:

=)

T
Oz

¢, =10g (1 + 2"
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(18)

Oz

2 P-'r
;= tog (1 + [HEIES)

z

z(1 — — po JPp
C. = log (1 +m2] &j

for the 1st, 2nd and 3rd users respectively, where &2
represents the statistical information for the Gaussian noise.
The key challenge for the downlink wireless channel data
transmission is that the coordinated signal detection on the
transmitter side is not straight forward, hence requires
interference cancelations at the BTS node.

4. Simulation and Results

This section presents the simulation based evaluation of
MIMO systems for channel capacity of a BC based on the
models presented in the previous section. Fig. 3 estimates
the ergodic capacity of a BC channel for varying SNR. The
computation is based on the assumption when the CSI is
not available at the transmitter side. The channel capacity is
computed for different MIMO system configurations with
varying number of transmit and receive antennas. It is
worth noting from Fig. 3 that the channel capacity
increases with the increase in number of antennas in a
MIMO system. For further illustration, Fig. 4 computes
ergodic channel capacities for two situations: when the CSI
is known and when unknown at the transmitter side, using
a4 x 4 MIMO system. Evidently, the figure illustrates that
the availability of CSI at the transmitter side improves
channel capacity in comparison the when the CSI is
unknown. However, the availability of CSI at the
transmitter side in high SNR regime has little or no impact
on the capacity of a BC as the figure illustrates.
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Fig. 3: MIMO channel capacity for varying number of antennas.
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Fig. 4: MIMO channel capacity for unknown and known CSI.

5. Conclusions

This paper presented the capacity of multi-user MIMO
systems, using singular value decomposition, from which
eigenvalues are calculated, and LQ-decomposition to
derive a downlink BC capacity. Ergodic channel capacity
model has been presented, and evaluated for different
configurations for a MIMO systems with varying number
of transmit and receive antennas. Without loss of generality,
the capacity of multi-user MIMO channels increase with
the number of antennas. It has been pointed out also that
the availability of CSI at the transmitter side achieves high
channel capacity in low SNR conditions, in comparison to
unknown CSI. In high SNR regime, the availability of CSI
does not have significant impact on the achievable capacity
of a BC.
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