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Abstract

In this paper, we give and study different types of separation
axioms using the remoted neighbourhood of a fuzzy point and a

fuzzy set in the fuzzy supratopological Spaces (X, z,) which is

generated by the fuzzy bitopological space (X,7,,7,). Several
properties on these separation axioms are researched.
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1. Introduction

A.S.Mashhoue, F.H.Kehdr and M.H.Chenim [3]

defined the fuzzy bitopological space (X, 7,,7, ).

A.Kandil, A.D.Nouh and S.A. Sheikh [4] defined the

fuzzy supratopological Spaces (X,z,) generated by the

fuzzy bitopological space (X, r,,7,). C.Kwong [7]

introduced the concepts of fuzzy point and their
neighourhood. But there are some drawbacks in this
study. For overcoming the problem that traditional
neighbourhood method was no longer effective in fuzzy
topology, Liu and Pu [6] introduced the concept of the
so-called Q- neighbourhood. Nearly at the same time,
Wang [5] introduced the concept of the so-called remoted
neighbourhood to study fuzzy topology. The latter
concept has more extensive application than the former
one. Nishimura [8] defined the strong neighbourhood of
the fuzzy point and he defined the fuzzy filter generated
by all the open neighbourhood and opened strong
neighbourhood of the fuzzy point. In sections 3-6, we
define two types of FPT-spaces and FPR-spaces and
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study some properties on them.

2. Notations and Preliminaries

All fuzzy sets on universe X will be denoted by | * . The
class of all fuzzy points in universe X will be denoted
by FP(X). Use Greek letters as u,7,0---etc. to denote
fuzzy sets on X. Also P stands for pairwise.

A fuzzy point [5] p_ be defined as the ordered
pair (p,o) € X x(I ={0}) » where | =[0,1].Ifc < u(p),
then (p,o0) e and we call (p,o)belongs to . Also
if o< u(p), then(p,o)€” pand we call (p,o) belongs
strongly to u .

Definition2.1[3]. Let X be any set and 7, 7, be two fuzzy
topologies on X. The triple (X, 7, 7,) is said to be a fuzzy
bitopological space.

Definition2.2[2,8]. Let (X, r )be an fuzzy topological
space and (p,c) € FP(X). Then (i) An fuzzy set us.t.
(p,o) € pis said to be an open neighbourhood of (p, o).
The fuzzy filter generated by all the open neighbourhood
of (p,o) s ;
Vipoy={uel”:3per,(p,0) e pc u}. Each fuzzy set
belonging toV, , is said to be an neighbourhood of (p, 7).

denoted and defined as

(i) An open fuzzy setus.t.(p,o) € u is said to be an
open *-neighbourhood of (p,o) . The fuzzy filter
generated by all the open *-neighbourhood of (p,o)is
denoted and defined as :

V(*p,g) ={uel*:3per,(p,o)e pcu}.

Each fuzzy set belonging to V(’;‘U) is said to be an
*-neighbourhood of (p, o).
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Definition2.3[6]. The fuzzy filter generated by all the open
Q-neighbourhood of (p,o)is denoted and defined as :
={uel*:3per,(p,o)ypc u}-

Each fuzzy set belonging to V(‘g’o) is said to be an
Q-neighbourhood of (p, 7).

Definition2.4[6]. Let Y be a crisp subset of an fuzzy
topological space (X, 7). Then (X, z,)is said to be a
subspace of (X,7), wherer, is a fuzzy topology on Y
given byz, ={Y (\u, er}. A subspace (X,z,) is open
(closed) if the crisp fuzzy set Y is open (closed) inz .

Definition2.5[2,9]. Let (X, r )be an fuzzy topological
space and u, p 1%, A fuzzy set pis said to be: (i) R-
neighbourhood of a fuzzy point(p,o)if for some closed
fuzzy set A have (p,o) ¢ A o p . (ii) R~ neighbourhood of
a fuzzy point (p,o) if for some
set Lhave (p,o)g 1o p.

The collection of all the R- neighbourhoods of (p, &)
(resp. R™- neighbourhoods of ( p, o)) is denoted by

closed fuzzy

Rpo (resp. R pU)) ie.
pU)—{pel :dder,(p,o)g A, A2 p}
R = ={pel*:3ier,(p,o)e 1, A2 p})

Definition2.6[4]. Let (X, r,,7,) be fuzzy bitopological
space and y € | X . Then:Associated with the fuzzy closure
operators 7, —cl and 7, —cl define the mapping

Cppi1* 1% as: Cp()=1,~cl () Nz, ~cl (1)

Definition2.7[4]. Let (X, r,,7,) be fuzzy bitopological
space. Then : the pair (X,7,) is said to be the associated
fuzzy supratopological space of (X, 7,,7, ), where

.o ={uel i u=uUp, e, 1, et} per, is said
to be fuzzy t -open or fuzzy supraopen in (X, z,,7,) and
its complement is said to be fuzzy supreclosed in

X, 7,,7,).

Theorem2.1[9]. Let (X, 7 )be an fuzzy topological space

and e 1™, Then : (i) vpg)—v(‘gg (ii) ﬂ,eV(pg) iff
A eR(plg) (i) AeR,,, iff A eV(pla) (iv)

leV(M) iff 'eR

(p.o) "

Theorem2.2[9]. If (X, 7 )be an fuzzy topological space and
(Y,7,) is a subspace of (X,7), ue I". We define:

M) R ={YNp.peR;,}-

(i) R, ={YNp.peR;,}-

Then Ry, (resp. R ) is the collection of R-
neighbourhoods (resp. R’- neighbourhoods) of g in the

space (Y, 7, ).

0
3. Separation axioms FPTTo and FPTo

Definition3.1. An fuzzy bitopological space (X,7,,7,) is
said to be) (i) eFP°T, (resp. € FPT,) iff (p,o),
(,0) € FP(X),p=q implies that there exists a fuzzy
r, -Closed set u (resp. uer,Nr, ) st
(UERG o HERG ) OT(UER G5 HER )

(i) *FP°T, (resp. *FPT, ) iff (p,o) . (q,9)
e FP(X) , p#q implies that there exists a fuzzy
7, -Closed set u (resp. uer Nz, ) st

(LERG o HERG ) O (1ER 5 HER )

Theorem3.1. Let (X, 7,,7,) be fuzzy bitopological space.
Then : (i) (X 7,7,) is eFPT, (resp. e FPT,) iff
(p,o), (q,8) e FP(X),p#q implies that there exists
a fuzzy r, -open set A (resp. Aer,Ur, ) st
( AeVi,AeViy ) or (AeVi,ieVe, )
Iff(p,0).(q,0) € FP(X), p=q implies that there exists
a fuzzy «r, -open set A (resp. AerUr, ) st
( 2€Vira A8V s ) O (AeViisAeViia )
()X, 7,7, )is *FPT, (resp. *FPT, ) iff (p,o0)
(9,0) e FP(X), p#q implies that there exists a fuzzy
r,-openset A (resp. Aer,Uz,)st.

(A eViprop A&V g1 s) O (V01 5,4 EV )1 0)-

Proof. (i) Follows from Theorem 2.1 (iii)(iv) and by
putting x'=A in Definition 3.1(i).

(ii) Follows from Theorem 2.1 (ii) and by putting x'=A4
in Definition 3.1(ii).

Theorem3.2. Let (X, 7,,7,) be fuzzy bitopological space.
Then: (i)e FP'T, =€ FPT, (ii) *FP°T, = *FPT,.
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Proof. We prove part (i)and proof of the other part is
similar. Suppose (X, 7,,7,) is € FPOT0 . Let(p,0),

(0,8) e FP(X), p #q. Since (X, 7,,7,) is e FP°T, , then
Juer, st (ue R(pyg),,u ¢ R(qﬁ)) or(ue R(qﬁ),,u ¢ R(M)).
Butz; c7;(zy, then3pe Nz, st (ueR, , ueR ;)
or (ueR, s 1ER, ) Hence (X,z,,7,) ise FPT .

Theorem3.3. A subspace of ae FPT, (resp.*FPT,) is
€ FPT, (resp.*FPT,).
Proof. We prove the case e FPT,, and the proof of the
other case is similar. Suppose (Y, rf,rg) is a subspace of a
e FPT, . Let(p,0).(q,8) e FP(Y), p#(. Then
(p,o).(9,8) € FP(X). Since (X, 7,,7,) is € FPT, , then
JuerNry st (ueR,,ueRys;)or
(LERGs HER ) 50,3’ =uNY er! N} st
(1 Ry oy 4 ERG ) O (1 €RG s 1 2R, ),
where R' , ={YNp:peR,} . Hence (Y, 7,7} )
ise FPT, .

Theorem3.4. A subspace of ae FPOTO (resp.*FPOTO) is
e FP°T, (resp. *FP°T).
Proof. It is similar to that of Theorem3.3.

4. Separation axioms FP°T, and FPT,

Definition4.1. An fuzzy bitopological space (X,7,,7,) is
said to be) (i) eFP°T, (resp. eFPT,) iff (p,0),
(9,0) €FP(X),p=q implies that there exists a fuzzy
7, -Closed set u,A (resp. pAer/Nr, ) st
(UERG HERG ) ANA(LER ;) A2R,))

(i) *FP°T, (resp.*FPT,)iff (p,0).(q,8) € FP(X),
p=q implies that there exists a fuzzy 7, -closed
set u, A (resp. y, A e 7;(7y) st(ueR, ), ueR;) and
(AeRq s A€R )

(9.0)

*

(p.o

Theorem4.1. Let (X, 7,,7,) be fuzzy bitopological space.
Then @ (i) (X, 7,7,) is €FP°T, (resp. e FPT,) iff
(p,o), (q,0) e FP(X),p=q implies that there exists
a fuzzy r, -open set n,p (resp. n,per,Ur, ) st
( NV Vs ) and ( peV, peVe,, )

Iff(p,o).(q,0) e FP(X), p=q implies that there exists
a fuzzy 7, -open set ;,p (resp. n,per,Ur, ) st
( 7€Vip10 &V g1 AN peVigr s pEV1n )
(X, 7,7, )is *FP'T,  (resp. *FPT, ) iff
(p,o),(9,0) e FP(X), p=q implies that there exists a
fuzzy 7, -open set n,p (resp. n,per,Ur, ) st
(7 €Vipacoy M &V q1)) A (P Vg1 5, P EV 1))
Proof. (i) Follows from Theorem 2.1 (iii)(iv) and by
putting i’ =1, A’ = p in Definition4.1(i).

(i) Follows from Theorem 2.1 (ii) and by
putting ' =n, A'= p in Definition4.1(ii).

Theorem4.2. Let (X,7,,7,) be fuzzy bitopological space.
Then : (i)e FP’T, =€ FPT, (ii) *FP°’T, = *FPT,.
Proof. It follows from the face that 7. 7/ 7;.

Theorem4.3. Let (X, 7,,7,) be fuzzy bitopological space.
Then :(i) e FP°T, (resp.e FPT,) = e FP°T, (resp.c FPT,).
(i) *FP°T, (resp.*FPT,) = *FP°T, (resp.*FPT,).

Proof. Obvious.

Theorem4.4. A subspace of ae FPT, (resp.*FPT,) is
€ FPT, (resp. *FPT).

Proof. We prove the case e FPT,, and the proof of the
other case is similar. Suppose (Y, rlo,rf) is a subspace of
ae FPT,. Let(p,o0).(q,0) e FP(Y),p#q. Then(p,o),
(9,0) eFP(X) . X, 7,7, ) is eFPT, ,
then: 3y, derNz; st (ueR,,, ugR,s ) and
(A€RgsA€R ) SO, I’ =uNY ez Nr; and
A =ANY e/ N, st(u’eR) 4’ 2Ry, ;) and
(2% eRi s A" 2R), ) Hence (Y, 7/, 7;) ise FPT, .

Since

Theoremd4.5. A subspace of ae FP'T, (resp.*FP°T,) is
e FP°T, (resp. *FP°T)).
Proof. It is similar to that of Theorem4.4.

5. Separation axioms FP°T, and FPT,

Definition5.1. An fuzzy bitopological space (X,z,,7,) is
said to be) (i) eFPOT2 (resp. € FPT,) iff (p,o0),
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(9,0) eFP(X),p=q implies that there exists a fuzzy
7, -closed set u A (resp.  pAer/Nr, )
where e R, AeR, st AUpu=1, . (i) *FPT,
(resp. *FPT, ) iff (p,o) ., (q,0) e FP(X) , p#q
implies that there exists a

fuzzy 7, -closed

*

set 1, A (resp. y,Aer/(\r,) where ye R("pya),i €R.s

stAUu=1,.

Theorem5.1. Let (X, 7,,7,) be fuzzy bitopological space.
Then : (i) (X 7,7,) is €FPT, (resp. e FPT,) iff
(p,o), (q,0) e FP(X),p=q implies that there exists
a fuzzy r, -open set n,p (resp. n,per,Ur, )
neVl,.peVis and  7Np=0,,
Iff(p,o).(q,0) e FP(X), p=q implies that there exists
a fuzzy r, set 1,0 (resp. n,per, Uz, )
wheren eV, o), 0 €VqysanddNp=0y..

(i) (X,7,,7,)is *FP'T, (resp. *FPT,)iff(p,o),(q,d)
eFP(X) , p#q
r, -open set n,p (resp. n,perUz, )
N€Vp10) P EVqrs and n(1p=0y.

Proof. It is similar to that of Theorem4.1

where

-open

implies that there exists a fuzzy
where

Theorem5.2. Let (X, 7,,7,) be fuzzy bitopological space.
Then: (i)e FPT, =€ FPT, (i) *FP°T, = *FPT,.
Proof. It follows from the face that 7, c 7, 7;.

Theorem5.3. Let (X, 7,,7,) be fuzzy bitopological space.
Then :(i) e FP°T2 (resp.€ FPT,)= € FP°Tl (resp.€ FPT,
). (i) *FP°T, (resp.*FPT,)= =FP°T, (resp. *FPT).
Proof. We prove the case (i) and the proof of the other case
is similar. Suppose (X, 7,7, ) is €eFPT, ,
Let(p,0),(q,0) e FP(X), p=q. then: 3, A e/ N7,
1) st. AUu=1,
Since ueR,,,, then (p,o) ¢ u and since AUu=1,,
then(p,o)el. SoA¢R . Similar we have u¢R ;.
Hence (X,7,,7,) is € FPT,.

where UE R(W),ﬂ € R(

Theorem5.4. A subspace of ae FPT, (resp.*FPT,) is
€ FPT, (resp. *FPT,).
Proof. We prove the case < FPT,, and the proof of the

other case is similar. Suppose (Y, rlo, rf) is a subspace of a
eFPT, . Let (po) . (9.6) €FP(Y) , p=q
Then(p,o0),(q,8) € FP(X). Since (X,7,,7,) ise FPT,,

then:  3Ju,Aerr, where  ue R<Pvf{)’/1§ Ras)
st. AUu=1, . so , 3=uNY er/Nel and
AN =ANY ed Ne? st. A°Up’=1, Hence

(Y, Tf,rg) ise FPT, .

Theorem5.5. A subspace of ae FP°T, (resp.*FP°T,) is
e FP°T, (resp. *FP°T,).
Proof. It is similar to that of Theorem5.4.

6. Separation axioms FP°R, and FPR,

Definition6.1. An fuzzy bitopological space (X,z,,7,) is
said to be (i) FP°R, (resp.e FPR,)iff 7,-cl((p,o)) qu
i=1,2(resp.C,((p,0)) Gu)VueR,, -

(ii) *FP°R, (resp.*FPR,) iffz,-cl((p,o)) Gu.,

i =1,2(resp.C,((p,0)) Gu) Vue R(*p,l—a)

Theorem6.1. Let (X, 7,,7,) be fuzzy bitopological space.
Then : (i) (X,7,,7,) ise FP°R, (resp.e FPR)) iff
7, cl( (p,o) ) <A ,i=12 (resp. C,((p,0)) <4 )

vlev(op,l—a) Iff 7, -cl( (po) ) <4 ., i=12
(resp. C,((p,0)) €4) VeV, - (i) (X 7,7,)is

*FP°R, (resp. *FPR, ) iff 7, -cl( (p,0)) <4 ,i=12
(resp. Clz ((p,o)) c4) V4 ev(p,a) .
Proof. It is similar to that of Theorem3.1.

Theorem6.2. Let (X, 7,,7,) be fuzzy bitopological space.
Then: (i) e FP°R, =€ FPR, (ii) *FP°R, = *FPR,.

Proof. We prove part (i)and proof of the other part is
similar. Suppose (X, 7,,7,) is € FP°R, .Letue Ripio):

thenz,-cl((p, o)) Gu.i=1,2.ThusC,((p,o)) Gu . Hence
(X,7,,7,) ise FPR, .

Theorem6.3. A subspace of ae FPR; (resp.*FPR;) is
€ FPR, (resp.*FPR)).

Proof. We prove the case € FPR;, and the proof of the
other case is similar. Suppose (Y,z],z5) is a subspace of



IJCSNS International Journal of Computer Science and Network Security, VOL.13 No.10, October 2013

an e FPR; . Let yeR(, . then ueR . Since

(X,7,,7,) is € FPR, thenC,,((p,0)) qu. S0C,((p,0))
qu, where C((p,0))=C,((p,co))NY and
Rioroy ={YNpipeR,, ,} Hence (Y.7),7;) ise FPR,.

Theorem6.4. A subspace of ae FP°R, (resp.*FP°R,) is
e FP°R, (resp. *FP°R)).
Proof. It is similar to that of Theorem6.3.

Similar with 4 and 5, we can further studySeparation
axioms FPOR1 and FPR, (resp. FPOR2 and FPR,). Omitted
here.
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