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Summary

The use of Weighted Laguerre Polynomials to overcome Courant-
Friedrich-Levy (CFL) stability condition leads to unconditionally
Finite-Difference  Time-Domain (FDTD) method. This
formulation results in a huge sparse matrix equation which needs
important memory storage when modelling Three Dimensional
(3D) electromagnetic problems with fine meshes. Recently, a new
efficient algorithm which consists in using factorization splitting
scheme based on two sub-steps to decompose the previous huge
sparse matrix equation has been proposed. In this paper, we
develop a New Node Numbering Scheme in order to optimize

LU Decomposition and to overcome the memory storage limitation.

Therefore, the programming code is partially modified and finally
used to model rectangular patch antenna which is fed by uniform
or non uniform microstrip Lines, in order to achieve the Ultra
Wideband Matching of the rectangular patch antenna. The results
obtained from the Implementation of Laguerre Finite-Difference
Time-Domain (LFDTD) method are compared to those of the
conventional FDTD method.
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1. Introduction

Numerical formulations to analyse electromagnetic
problems have been chosen since they have many
advantages. Among these formulations, the Finite-
Difference Time-Domain (FDTD) method (known as
conventional FDTD method) still taking the main place and
it is easy to implement [1]-[2]. This Marching-On in Degree
formulation is conditionally stable and the Courant-
Friedrich-Levy (CFL) stability condition, which is its
bottleneck, depends on the smallest cell size. Therefore, for
applications requiring fine meshes, the time step is small
and the CPU Computation Time increases too. Over the
past decades, many modifications have been proposed in
order to overcome the CFL stability condition [3]-[8].
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The Alternating-Direction Implicit (ADI) formulation
has been proposed first [3]. This formulation is
unconditionally stable but suffers from the numerical
dispersion error when the time step is greater than the
maximum time step in conventional FDTD method. Few
years later, Crank-Nicolson (CN) and Crank-Nicolson-
Douglas-Gunn (CNDG) formulations [9]-[11] were
proposed and found more efficient and accurate than the
ADI formulation. These formulations involve inverse
matrix operations which need more memory storage and the
problem of memory limitation is considered as the main
bottleneck in unconditionally stable formulations.

Recently, significant progresses have been made to
optimize the resolution of the huge sparse matrix equation
[14]-[15][18]-[19]. Simulation using weighted Laguerre
polynomials was proofed to be much faster than
conventional FDTD formulation [7], [15]. Laguerre
formulation is suitable for one and two dimension problems
but presents long time limitation [13]-[14] [19]. Many
improvements such as the Balanced Laguerre Polynomials
[19], the equivalent circuit in the FDTD grid [14] and an
efficient algorithm to implement the huge sparse matrix
equation [18] have been proposed. The use of Factorization
splitting scheme to resolve the huge matrix equation into
two sub-steps [9]-[11] reduces the memory storage
limitation. In this paper, we propose a new node numbering
scheme leading to optimum tri-diagonal matrices, suitable
for LU Decomposition. Therefore, the incorporation into the
code of the Perfectly Matched Layers (PML) Absorbing
Boundary Conditions (ABCs)[20] for truncating FDTD
grids to model Rectangular Patch Antenna, fed by either
Uniform or Non Uniform microstrip Lines, is carried out.

2. Laguerre Formulation

Numerical methods based upon Laguerre Polynomials
combined with FDTD algorithm have been proposed first in
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[7]. Laguerre polynomials of order p exist for (t > 0) and
satisfy a recursive relation (Equation 1-3):

Lo(t) =1 @

Li®)=1-t )

pL,(t) = 2p—1-t)L,_1(t) = (p — 1) L,_»(t) forp
> 2

3)

Laguerre Polynomials have been chosen among others [19]
because they are causal and defined from t = 0 to o
(Equation 4). They present orthogonal property with respect

t
to the weighted or exponential function ez (Equation 6):

o I i _
7 e72 Ly ez Ly(®) dE = 8, (4)

where the scaled time t = S = t > 0 represents the real time
multiply by the time scale factor s. In fact, the weighted
Laguerre Polynomials or Laguerre Basis functions result in
the product of Laguerre polynomials and the weighted

functions and they present also orthogonal property
according to weighted function.
_t
(pp(ﬂ =e 2 Lp(a (5)
137 #p® g (® di = 8, (6)

where:
P {1 if p=gq
Pa 0 if p#q

The main objective is to form an orthonormal set Laguerre
basis functions (¢,, @1, @2, ..., @n1) Where N, represents the
number of Laguerre basis functions. In the Laguerre
Domain, each time-domain quantity F (t) is expressed in
terms of basis functions [7], as follow:

F() = X5t F(p) @p(D) @)
PO = 5(0.5F () + oy F(K) ®

On the other hand, Laguerre polynomials are involved in
order to eliminate the time dependence in the Maxwell’s
equations. So, Laguerre coefficients F (p) which are needed
to update different equations can be calculated by using
(Equation 9):

Fp) = [ F® @, df (9)
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Figure 1: Laguerre basis functions forp=0—4

As example, we plot (Figure 1) basis functions for p

ranging from 0 to 4. We notice that basis functions decay to

zero as the time increases. Therefore, each temporal

quantity that is spanned by these functions decay also to

zero.

3. Laguerre-FDTD Formulation

3.1. Maxwell’s equations in Laguerre Domain

Consider Maxwell’s equations with PML ABCs according
to the general expressions:

OHz(rt)  0Hy(rt)

a
(e5:+ ) Belr,t) = 2222 0 (r,6) - (10)
a OHyx(rt)  OHg(rt)
(sa + ay) Ey(r,t) = ZEI0 _JED _j (r6) (1)
a _ OHy(r,t) _ OHy(1,t) _
(e +0,) By = 22 - ZEID ) () (12)
i " _ 6Ey(r,t) _ OE,(r,t)
(h3r + 02) Helr,t) = 2410 - 22200 (13)
a « __0Ez(rt) _ OE,(1,t)
(42 + 03) Hy(r, ) = 2200 _ 20D (14)
9 M _ 0Bx(rt) 0Ey(r,t)
(h+ 03 ) Hy(r,t) = R (15)
where:
Ox = Oxy t Oz and Px = Pxy + Pxz
Oy = 0y + 0y, and py, = py, + Py,
Oz = Ozx T Ozy and Pz = Pzx + Pzy
and &, u,0; and p; represent permittivity, permeability,

electric and magnetic losses in direction i (withi = x,y,z),
respectively. Using Laguerre basis functions and Laguerre
Coefficients expressions, Maxwell’s equations with PML
ABCs can be expressed in terms of Laguerre coefficients
(Equation 17-21), as follow:

Ec(x,y,2,t) = Tyl  EX (x,y,2) 0, (D) (16)
E,(x,y,2,t) = Tyl B2 (x, 5, 2) 0, (D) (17)
E,(x,y,2,t) = $Lo EY (x,7, 2) 9, (B) (18)
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He(x,,2,t) = Lyt  HE (x5, 2) 9, (E) (19)
Hy(x,,2,t) = Lyt H (%, 3, 2) 0, (B) (20)
Hy(x,y,2,t) = $plo HY (6,3, D)0, (B (21)

where N, represents the basis function number and directly
depends on time duration and frequency of the excitation.
In fact, by using (Equations 17-21) and Galerkin’s testing
procedure, Maxwell’s equations in Laguerre Domain can be
expended as follow:

EY = ay[DyH] — D,H) = J7] — ar Sh o EX  (22)
E} = a,[D,HY — DoHY = 3] — ayy TR0 EY - (23)
EP = a,[D,HY — DyHE — J¥] —ay, YO0 EF  (24)
H? = b,|D,EY — DyEF| — by, Yh_g HY (25)
Hy = b,[DE} — D,EE] — by, S50 H (26)
H} = by[DyEY — DyE}] — by, Xp_g Hf 27
where:
( Se Su
a, =7+0xandbx =7+px
Se Su
ay =7+ayandby =7+py
Se Su
a, =7+azandbz =7+pz

a,,=S¢ea, and by, =S ub,
a;y, =Sea, and by =Sub,
a,,=Sea, and by =Sub,

Unlike Marching-In-on Degree formulation, electric field
components depend on the magnetic components at the
same order p. By substituting magnetic field expressions
into electric field expressions, we ensure the conventional
Laguerre-FDTD formulation where the electric field in
Laguerre domain is function of the magnetic field with
order lower than p (Equation 28).

[I — DyDglEP = DpVy ™" + V™' + % (28)
where:
E? 0 -a,D, a,D,
E? = |E}|; Dy = | ayD;, 0 —a,D,
E? -a,D, a,Dy 0
10 0 Hy
1=[0 1 0|;HP =|H,
0 0 1 HP

0 axDz _any _ax]JICJ-
Dy = |—ayD, 0 a,D, ;]g = —ay];’
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p-1 p-1 p-1 T
-1 _
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k=0 k=0 k=0
p-1 p-1 p-1 1T
-1 _
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3.2. Finite-Difference scheme

The decomposition of the sparse matrix equation [18] leads
to three general matrix equations, as given bellow:

[1— (ay byD,, + ayb,D,y)|EL + a,b,D.DyE} +

axbnyDzEf = axbly Zz;(l) H}I]( - axblz Zi;(l) H; -

G SUTAEK — 7 (29)
[1 - (ay byDy, + ayb, Dy )|ED + ayb, D, D, EY +
aybDyD,EY = ayby, 00 HE — ayby, Y0_o HY —
ary SR ES ) (30)
[1 = (a; byDax + @by Dy, )|E7 + a,b, DD, EY +
a,byD,DyEY = a,by, Yo_o HE — a,by, Y023 HE —
@, Shoo B — 17 (31)
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Figure 2: Position of the electric and magnetic field components about a
unit cell in the Yee space Lattice (proposed in 1966).

By applying the Finite-Difference Scheme [1] and the Yee
Cell (Figure 2) to one of the three equations, we obtain:
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a"(l]k)b y (4, ], k—1DEP@,j,k—1) - %]k)
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(by(ifik) + by (i k= 1)) + “xi‘yfz") (b, (i,j, ) +
baj—LknﬁﬁaJk)—
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<(Ljk
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From the previous equation, we notice that each electric
field variable is in relationship with adjacent 10 electric
components. In addition, the magnetic field variables are
known as the order is still lower than those of the electric
field. Therefore, the three general equations should be
performed in order to obtain matrix equation, as follow:

AEP = JP 4 pp-1 (33)
where P~ and JP represent summation on the second
member for k =0top —1 and excitation at order p,
respectively. Even if the inverse matrix A= is performed
once at the beginning of the simulation, important resources
remain needed when using conventional Laguerre--FDTD
formulation. Moreover, this formulation has been turned
out to be not suitable for long time duration [14].

4. Efficient implementation of 3-D LFDTD
Method

This part is devoted to overcoming time limitation by
adopting Balanced Laguerre Polynomials [19] and
optimising the memory storage limitation. By this way, the
memory storage optimization can be achieved by
employing factorizing splitting technique [18] and solving
the matrix system in two sub-steps. As proposed in [19], the
technique consists on performing the huge sparse matrix
equation (Equation 28) by adding perturbation term and
finally by proposing an efficient node numbering scheme in
order to obtain tri-diagonal matrices which are suitable for
LU Decomposition.

4.1. Factorizing-Splitting Scheme

As mentioned previously, the main step consists in

decomposing the matrix DyDg into two triangular
matrices4 and B, as shown:
DyDy=A+B (34)
where:
[ acb,D,,, 0 0
A =|ayb,DyD, a,b.D,, 0
\a,b,D,D, a,b,D,D, a,b,D,,|
[axb,D,, a.b,D.D, a,b,D,D,]
B = 0 ayb,D,,  a,b,D,D,
0 0 a,b,D,, |

Therefore, we use A and A instead of DyD; and the huge
sparse matrix becomes:

[I—A—BIEP =DV’ " + VP +J2  (35)

By adding a perturbation term AB(EP + VP ™), the huge
matrix equation becomes:

[l —A—-B +AB]Ep = [AB + I]VEp_l + DHVHp—l +]g
(36)

As explained in [10], one can solve the previous equation
according to sub-steps, as given:

[ —AJE® = [A+1IVP ' + DyvP t + )P 37)

[l — BJE? = E*PByP™" (38)
where:
E*P = [E;p E;p E;p]T are nonphysical values

E? = [E} E} Ef]T are physical values
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This new formulation leads to six matrix equation system:

[1— ayb,Dy) |EXY = —as[1 + axbyDy, | Xh o EX +
a,a,,b,D, Dy Yo 0 EX + aya,,b,D,D, Yh_ o EF +

axblyzp lHk axblzzp 1Hk_a1xzp lEk_]ch)

(39)
ayy[1+ ayb,Do | X0 0 EX — a,b,D, D E;F +
a1,a,b,D,D, Yo  EF — a by, D, ¥h o HE +
ayby, Dy Shoo HY — a1y Xh_o EX — I} (40)
[1-a,byDy|E;P = —ay,[1+ a,beDy, | Shio EF —
a,b,D,D,E¥ — a,b,D,D,E;Pa,b,, Yh_o HE —
ar, Yhoo EX —J7 (41)
[1— a,b.Dy,|E? = E;P + a,a,,b,Dy, Yoo EX (42)
[1—a,b,D,|EY = E;P + aya,,b,Dy Yhoo EX —
a,b,D,D,E} — ay,a,b,D,D, Y1 _L EF (43)
[1— a.byDy,|EY = E}P + ayay by Dy, Yoo EX —
ayb,D,DyE} — a,b,D,D,E} — a,b,D,D, ¥h_  EX —
a,b,D,D, ¥ o EX (44)

By applying the Finite-Difference Scheme to the previous
six matrix equations, six tri-diagonal matrices which are
suitable for LU Decomposition when using an optimum
node numbering scheme, are obtained. Therefore, one can
propose an efficient node numbering technique [19] to
optimize the memory storage limitation. As mentioned in
the introduction, we propose an optimum node numbering
scheme to obtain tri-diagonal matrices where the non null
coefficients are three diagonals (Figure 3).

Therefore, the lower and upper triangular matrices which
result in LU Decomposition of each matrix are two-
diagonal matrices. Furthermore, the two matrices remain
sparse and are very useful. This new node numbering
scheme is applied to six tri-diagonal matrices.

0 Sparse pattern 14896 x 14896

2000
4000
6000
8000
10000
12000

14000

0 5000 10000
nz = 35078

Figure 3: One of the six tri-Diagonal Matrices obtained after the new node
numbering Technique.

5. Rectangular Patch Antenna

As mentioned above, the second purpose in this paper is to
model Rectangular Patch Antenna with numerical methods
(conventional FDTD and Laguerre FDTD Method). When
modelling radiating structures, one should model ground
plane, radiating patch and the strip line. The proposed
rectangular patch antenna is fed either by uniform or non
uniform lines. Therefore, non uniform microstrip lines are
dealt with in order to achieve Ultra Wideband matching.
Ny <

A

PML ABCs
. 1 =8mm o
Sk EUﬂfL S g <
il [ o Il g =
~ | =} e = t~
S vl I S B
Y vo | & = &
Q E g S
L = 16mm
PML ABC's

Figure 4. To view of the rectangular patch antenna fed by uniform
microstrip line (UML).

On the contrary of the conventional FDTD where PEC
(Perfect Electric Conductor) or PMC (Perfect Magnetic
Conductor) are modelled by putting to zero all electric or
magnetic components, in the Laguerre FDTD formulation,
PEC, ground plane (taking as a PEC) and radiating patch
are modelled by replacing the correspondent coefficients by
zeros except those of the main diagonal of the matrix. The
patch antenna of interest (Figures 4-5-6) has f, = 7.5 GHz,
& = 2.2 and h = 0.8mm as resonant frequency, relative
permittivity of the substrate and the substrate thickness,
respectively [2].
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Figure 6: To view of the rectangular patch antenna fed by sinus tapered
microstrip line (STML).

Although, knowing these parameters, its dimensions can be
obtained through formulas given below [21]:

w=—= (45)
2fy 22
Lofr = —— (46)
eff — 2fr\€efF
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Transformer) based on a relationship between the reflected
and incident waves [2].

6. Results and Discussion

First, we simulate the microstrip line which is seen as an
infinity microstrip line in order to generate the incident
wave at the reference plane. An infinity microstrip line is
modelled by extending its ends in the PML area. The total
wave is calculated at the reference plane with respect to
both the antenna and the line parameters. So, the difference
between the total and incident waves gives us the reflected
wave in time-domain (Figures 4-5-6). Other parameters are

summarized in the tables 1-2.

Table 1: N; (Basis functions number), Time scale factor S, Ax, Ay, Az

cell size.
Ax(mm) | Ay(mm) Az(mm) Factor S N,
0.389 0.4 0.265 2.4% 102 400

Table 2: Time step numberT,,,y, Ny, - thickness of the PML area and At
the time step

w
0.3) (5-+0.264 N N N. T N, At(ps
AL = 0.412h (geff+03) (hw ) (47) x y z max pmi (ps)
(eerf-0258) (T+08) 50 88 9 1320 7 0.441
L= Leff — 2AL (48) Table 3: Comparison of Simulation results of the Rectangular Patch
Antenna
where c is velocity in the vacuum. Method At Iterations Memory (MB)
FDTD 0.4417ps 11448 9
N = LFDTD | 0.4417ps 400 73
Y PML ABC's
The results obtained (Incident and Total Waves (Figure 8))
N : = = g by means of the Laguerre- FDTD formulation are similar
- [} [l N = o . .
SN =] ! g 5 to those of the FDTD formulation. One can increase the
lanll B a1 N A = ] - - - -
| I ﬂ)f & P number of Laguerre Basis functions in order to improve
= L
gl &5 N E J Z|  LFDTD accuracy.
"] —::. S ‘i v
3 = 0
L = 16mm 20N\
PML ABC's 2 \\ / \\///\ //\\ /
3 30
. \/ —rom / \/
Figure 5: To view of the rectangular patch antenna fed by linear tapered o 40 \Y, < LEDTD b4 \ I
microstrip line (LMTL). £ 50
: |
. . R -60
When modelling patch antennas, one can either pick up the !
ik 8 10 2 14 16 18

pattern, gain, directivity, return loss, input impedance, etc.
In this paper, we take into account two configurations of
microstrip to determine the return loss S;; and the input
impedance Z;,, of the antenna (Figures 5-6). In fact, Return
loss S;; can be obtained from the FFT (Fast Fourier

1
Frequency GHz

Figure 7: Return Loss S, of the Rectangular Patch Antenna which is fed
by UML.
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We notice that from 5 GHz to 19 GHz that the antenna
presents 4 resonances with narrow bandwidth (Figure 7)
and the results of both methods are also identical in the
frequency domain. As previously mentioned, the main goal
of the use of the non uniform microstrip lines is to achieve
the ultra wideband matching of the input impedance. So,
two types of tapered microstrip line (Figure 5-6) are dealt
with in this paper.

I [
—Incident Wave LFDTD
T —Total Wave LFDTD
S B N N Total Wave FDTD
- 05—V ™ Incident Wave FDTD |—
[7)
2
g 0 /\Vu-\. l/‘
w \ /\/
-O'JO 200 400 600 800 1000 1200

Time Steps number
Figure 8: Incident and Total Waves obtained by simulating
the Rectangular Patch Antenna fed by UML.

By using linear tapered microstrip line rather than the
uniform microstrip line, the Patch Antenna is matched from
6 GHz to 18.5 GHz (Figure 10). In addition, we can achieve
good level of matching by increasing the ration R expressed
as:

L
R=-—"
I-Lq

(49)

where L, uniform portion’s length and | is is the total length
of the microstrip line (Figure 5). In the case of sinus tapered
microstrip line, the antenna’s matching band ranges from
6.5GHz to 18.5 GHz (Figure 11). So, the more the
magnitude increases the higher the matching level is. The
matching level depends on the number and the magnitudes
of ripples. All calculations in this paper have been
performed on an Intel® Core™ i, 2.30 GHz Machine.

[ [
/\ —Real Part LFDTD Fal

60
—Imaginary Part LFDTD
----- Real Part FDTD /\
40 / \ ----- Imaginary Part U\ \ /
AN aVARAIN
-20 =

6 8 10 12 14 16 18
Freaguency GHz

Figure 9: Input Impedance of the rectangular patch antenna
fed by UML.
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Figure 10: Return Loss S;, of the rectangular patch antenna fed by linear
tapered microstrip line.
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Figure 11: Return Loss S,,of the rectangular patch antenna fed by sinus
tapered microstrip line.

7. Conclusion

Simulation based upon Laguerre Polynomials leads to
unconditionally stable FDTD method. A node numbering
scheme to achieve tri-diagonal a matrix has been proposed
in this paper and the resulting matrices are sparse and
suitable for LU Decomposition. Consequently, the huge
sparse matrix obtained from the conventional LEDTD
formulation is easily handled. The time steps Atgprp and
At rprp Were taken equal and the numerical examples
indicate that the LFDTD method need more memory
storage. Therefore, there are several applications
(microwaves devices, filters, connectors, couplers, Patch
antennas) that potentially can make the use of the new
efficient implementation of  Laguerre — FDTD
formulation. The new programming code has been applied
to simulate the Rectangular Patch Antenna fed by
microstrip lines. In order to achieve Ultra Wideband
Matching, the uniform microstrip is replaced by non
uniform microstrip lines. Configurations such as linear and
sinus tapered microstrip lines contribute to have good level
of matching with Ultra Bandwidth.
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