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Abstract:

In this paper, the concept of fuzzy (semi-) topogenous order in
the framework of fuzzy topologies, fuzzy proximities and fuzzy
uniformities have been introduced. The refinement of fuzzy
(semi-) topogenous order has been researched. On this basis,
the image and inverse image of refinement of fuzzy (semi-)
topogenous order have been defined by general order
homomorphism (GOH). Some important properties of them
have been obtained.
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1. Introduction

In his classic paper [1] of 1965, Zadeh introduced the
fundamental concept of a fuzzy set. Subsequently, Chang
[2] and others extended some basic concepts from
general topology to fuzzy sets and developed a theory of
fuzzy topological spaces. Katsaras [3] combined order
structure with fuzzy topological structure and made an
initial research. Recently, katsaras and petalas [4-6]
introduced the fuzzy syntopogenous structure and studied
the unified theory of fuzzy topology, fuzzy proximity and
fuzzy uniformity. Wang [7,8] studied refinement of
semi-topogenous order on completely distributive lattice
and refinement of fuzzy (semi-) topogenous order. In this
paper, we define image and inverse image of refinement
of fuzzy (semi-) topogenous order by GOH, and study
some important properties.
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2. Preliminaries

In this paper, we use notation, which is standard for the
“fuzzy mathematics”, usually with-out explanation. |

stands for the unit interval [0,1] and let |, =[0,1) .

1* denotes the family of all fuzzy subsets of a given set X.
We will denote fuzzy sets by lower case Greek letters such

as u, A,v. For a denotes fuzzy set which assumes the
value ¢ ateach X € X .

Definition2.1 [3] A binary relation 77on I*is a katsaras

fuzzy topogenous order on X, if it satisfies the following
axioms: (1) (1), (0,0) e 77, (2)if (u, 2) €,

Then < i, () if < gy, A4 < Aand(u, 4)en,then

(w,A)en : 4) (v 1y A)en iff

(w,A)en,(u A)en
and (11, 4 A 4,) enift (u,4) en,(u,4,) en.

Definition2.2 [4] A function 7 : 1* — | is called a fuzzy

topology on X if it satisfies the following conditions:

D70 =7@) =1, @ r(1 A u,) > (1) A7(,) for each

iy € X ) (©) T(Vierﬂi) 2 /\iel"z-(lui) for

any {4}, <1 . The pair (X,z)is called a fuzzy
topological space.

Let 7, and 7, be fuzzy topologies on X. We say 7,
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is finer than 7, (or 7, is coarser than ;) iff 7,(4) <7,(4)

for all Ael® . Let (X,7,) and (Y,7,) be fuzzy

topological space. A function f : (X,7,) - (Y,7,)
is called a fuzzy continuous map if 7,(1) <z,(f (1))
forall Ael*.

Definition2.3 [5] A function P:1*x1* —{0,1} is

called a fuzzy proximity on X, if it satisfies the following
axioms: (1) P(u, p) =P(p, 1), 2) P(1,0) =0,

() ifP(u,A1)=0, thenu<1-A,(4)P(u,pv A)
=P(u,p) v P(u, 1), (5)ifP(u,A) =0, there exists

pel® suchthatP(u, p)=0=P(l- p, 1) .The pair
(X,P) isaArtico fuzzy proximity space.

Notation2.1 [6] Let X be a set and €2, be the set of all
mappings 1" ->1* such that: (1) a(0)=0 ,
@ a(u)=u, Q) alVie 1) = Vi 1 -

Remark2.l (1) If a,a, €Q,, thena, Aa, €€
where (a, A @,)(1) = Aoy (1) Ay ()= v iy |
(2 faeQ, , then ate Q, » where
a(u)=n{rel a@-2) <1-u}-

Definition2.4 A subset U of €2, is called a Hutton fuzzy
uniformity on X satisfying for o, 8 € Q, , the following

condition: ()aApfeU iff aeU and feU,

(2there exists a eU , A)If a €U , there exists

peU such that foffi<a , (4) If aeU ,

thenar ™ €U . The pair (X,U)is said to be a Hutton

fuzzy uniform space.

3. The Fuzzy (Semi-)Topogenous Order

Definition3.1 [3] A function 7: 1% x1* — lis called a

fuzzy semi-topogenous order on X, if it satisfies the
following axioms: (FT1);(L,1) =#(0,0)=1, (FT2) if

n(u,A)#0, thenu<A, (FT3) if u<pu, A <A,
then7(s4, 4) <17(u, A) -
Proposition3.1 Let 77 be a fuzzy semi-topogenous

order on X and let the mapping 7°: 1% x 1% = I
defined by 77° (4, 1) =n(l—p,1= 1),V A, e 1™ .
Then 775 be a fuzzy semi-topogenous order on X.
Definition3.2. A fuzzy semi-topogenous order 77 is
called symmetric if 7 =775, thatis (FT4)

n(Au) =nd-pul-2)Vi,uel”.
Definition3.3. A fuzzy semi-topogenous order 77 is

called fuzzy topogenous if for any 4,4, 4,, i, 14, i, € | X
FTE) (A v Ay 1) = 1Ay, 1) ARy, 1), (FT6)

n(A, iy A ) =10( A ) A4, ).

Definition3.4. A fuzzy semi-topogenous order 77 is

called perfectif  (FT7) (v, 4, 1) = A (4, 1),

for any {,u,ﬂ,,|iel“}c I*. Aperfect fuzzy semi-

topogenous order 77is called biperfect if: (FT8)

(A Aier 1) = AN (A 1) , for
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any{/I,,ui |i eF} c I

Theorem3.1 Let 7,77, : | “x1* =1 be perfect (resp.

fuzzy topogenous, biperfect) fuzzy semi-topogenous
order on X. Define the composition 77, o77,0f 7, and

myon X by mom,( A ) :SL:E)( n( A, v) Anf v, 1))

Then n,omn, is a perfect (resp. fuzzy topogenous,
biperfect) fuzzy semi-topogenous order on X.

4. The Refinement of Fuzzy Topogenous
Order

Definition4.1[7]. Let 7 be a fuzzy semi-topogenous
orderon X and & e |” we consider a binary relation
n*& on 17 asfollows: n*&(u,A) iff  there exists

Sel” such that p*&(u,A) = n(u,0) and
UV (O AE)LA.

Theorem4.1 If 77 be a semi-topogenous order on X, then
n*¢& is asemi-topogenous order on X..

proof. (1) Let 6=0, then Ov(0AS&)<0 and
n#£(0,07n7(0,0)=1. Let 6=1,then 1v(Ir{)<1
and*£(LY)=nAD=1. @ it n*S(u,4)#0,
there exists & € | * such that n*&(u,A)=n(u,0)#0
then <8 and uv(OAE)<A,so u<i. @) if
U<, A <A, there exists Sel* such that
UV (RO S iV (SR SASA and n*E(u, A)
=11, 0) <m(u ,6) =n*&(u ,A). S0 n*& isa
semi-topogenous order on X..

Theorem4.2 If 77 be a semi-topogenous order on X ,
then (1) n*0=<;(2) n*l=n.

proof. (1) if 7%0(u, 1), then there exists € I ¥ such
that 7*0(u,A)=n(w,8) and pv (S A0)< A such
that g <A . Conversely, if <A, let =1, then
n(pl) and uv(@QAQ) <A, s0 n*0(u4).

@) if 7%1(u,A), then there exists & € 1* such that
n*l(w,A) = n(w,0) and uv(@AD<A e

0<A so n(u,A). Conversely, if n(u,A), let
o0=A, have n(u,06) and uv(OAL<A , so
n*u, A).

Theoremd4.3 If 77,77, be a semi-topogenous order on X

and n<n,, & & elXand & <& then &<y *&,.
proof. if 7%&(u, A), then there exists S e I such
that n*&(u,A)=n(w,0)and v (5 AE) < A . Since
n<m and & <& then 17,(u,8)and v (6 AE)
Suv(OAg)<A then m*g(u,A)so n*&<m*g.

Remark4.1 If 77 be a semi-topogenous order on X and

EE el” then()if & <& then pxE<n *&,
() n<n *x& <"<", véEel!

Theorem4.4 If a fuzzy semi-topogenous order 77 is
symmetric, then 77%¢ is symmetric too.

Proof: if n=n°, has n(u,A)=nl—A,1-u),
VA, pel” since (%8 (u,2)=n*E(L-21-p),
then there exists & € | * such that 7% E(1—A,1— 1)
=n(l-4,0)andl-Av (S AE) <1—u, Then n(u,0o)
and v (OAE)<SA has n*é(u,A), so

(m*&E) (w,A)=n*&(u, A).

5. Image and Inverse Image of Refinement of
Fuzzy Topogenous Order

Definition5.1 Let (X,7,), (Y,7,) be fuzzy topogenous
space, mapping f:1* > 1" is called a GOH, if it
satisfies the following axioms: (1) f () =0 iff =0,
@) Forany el (iel), f(va)=v f(a), @

For any fel’ (jel), f73(v,8)= v, ' (B)
there forany fe |’ have f’l(ﬂ)zv{aelx‘ fe)<p}.

Definition5.2 Let mapping f :1* — 1" be a GOH, and
n*¢& be a semi-topogenous order on X, define a binary
relation f(n7*&) on Y as follows: f(n*¢) (a,p) iff

there exists g, Ael”® such that n*& (u,A) and
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a<f(u), f)<p .

Theorem5.1 Let n*& be a semi-topogenous order on
X, then f(n*¢&) be a semi-topogenous order on Y,
and we call f(n*&) isimage of n*& by f.
proof. (1) Since n*&(0,0)=1 and f(0)=0, then
fx8) (0.0)=1. As n*& (1,1)=1 and f(1)=1
then f(n=&) (L,1)=1. ) If f(n*&) (o, f)=0 iff
there exists u,Ael” such that n*& (u,4)#0 and
a<f(u),f(A)<p ,then a<f(u) <f(A)<P so
a<f . (3) Leta<a, f<pf and f(n*é) (o, p) iff
there exists 11,4 € | * such that *¢ (1,4) and a<q,
<f(u), f(A) B <P, then F(n*é) (e, fB), namely
F(n*&) (. ) < £(n*8) (. ).

Theorem52 Let f:1*—>1" be a GOH, then
F(n=g) < t(n)*1(S)

proof. If f(n*&) (a,f) iff there exists ,Ael” such
that n*& (u,4) and a < f(u),f(A)<pB , iff there
exists del*suchthat n(u,0) anduv(SAE)<A,
anda < f(u), f(4)<pB .Thenthereexist f(5)el”,
such that f(n)(f(w),f(9)) and a < f(u) , then

f(n) (@, £(5)) and a v (f(6)A f(5)) < f(uv(5AQ))
f(A)<p . ie. there exists f(d)el’ such that

<
f) (@, f(6) and  av(f(G)af(5) <f . so
F(m)*£(8) (@ p).

Propositions.1 Let f :1* —1" be a GOH, 5,77, be a
semi-topogenous order on X, and &,& € 1*, then (1) If
n<m implies f(n*)<f(p*8). 1F £<4
Implies f(n*&)< t(n+S). @) Fn)< f(n+S) < (<),
(forany £el).

Proposition5.2 Let f :1* —1"andg:1" — 17 be GOH,

1 be semi-topogenous order on X, and £el”, then

(9o ) (7%&) = 9(f (=) < g(f (m)*g(f (5).

Definition5.3 Let mapping f :1* — 1" be a GOH, and
n*¢& be a semi-topogenous order on Y, define a binary

&) (u2) iff

relation f (7% &) on X as follows:

n*&(f(p).1-1(1-1)).

Theorem5.3 Let mapping f:1* — 1" be a GOH, and
n*& be a semi-topogenous order on Y, then for any

uAiel® have fr(nx£) (u,A) iff there exists
(a,f)el’, such that n*& (a,f) and u< f™(a),
(B <.

proof. If £ (i +£) (1, 4) , theny *&(F (), 1~ F(1-2),
leta="f(u), f=1-F(1- ), so have n*¢ (a,f)
and < f7(F () = 7). T7(A)=1"(1-f(L-2)<A.
Conversely, if there exists a,fel’ such that
n*é (a,B) and u< f(a) , F7(B)<A, then f(u)
<f(fHa) <a . p<L-[f7(L-p)<1-(1-2), so
ne&(f(u),1-F(1-2). ie £ (&) (u4).

Theorem5.4 Let n7*¢& be a semi-topogenous order on Y,
then f *(17* &) be a semi-topogenous order on X,

and we call f (57 % &)is inverse image of n*& by f.
proof. (1) Since n*¢£(0,0)=1 and f(0)=0, then
7*8) (0,0)=1.As 7*£ (L1)=1 and f7(1)=1,
then f (&) (L1)=1. @ If {7 (%) (u,A)#0 iff
there exists a,fel’ such that 7*& (a,f)#0 and
u<fa), fY(B)<A, thenu<fa) <fH(P)<A
sou<A. () Letu<u,A <A and f(n*&) (u,A4)iff
there existsa, f € | " such that 7% (@, B) and u<y
<tHa), FH(B) <hs<A, then f(7%8) (u4),
namely f~(*&) (4, 4) < (%) (u,2).

Theorem5.5 Let f:1* 1" be a GOH, f7(5*¢&)
<fm)x 7).

proof. If ™ (n*&) (u, A)iff there existscr, S € 1", such
that n*& (o, f)and u< f (), f(B)<A. iff there

exists 6|’ , such that 7(a,d) and av(SAE)<p ,
and u<f(a) , f'(B)<A .Then there exists
f(8)el™ , such that f7(n)(f™*(a), f(5) and
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u<fa) , then ') (u, f7() and
uv (P @) ATHE) < Fav(5ng) <f7(B)<A .
i.e. there exists f(5)el™, suchthen () (u, f7(5))

and v (F(0) A 7)) <Auso () £7(8) (. 4).

Proposition5.3 Let f :1* = 1" be a GOH, 75,77, be a
semi-topogenous order on Y, and &,& € 1Y, then (1) If
n<n, implies f(nx)<f7(mxg). @Q1F &<&
Implie {7 (7+&)< 7 (nxg) . @) ()< F7(n*&)
<fH<), (forany Eel’).

Proposition5.4 Let f :1* = "andg:1" = 1* be GOH,

1 be semi-topogenous order on Z, and £el”, then

(9o )" (&) =17(g"(*S)).

Acknowledgment

The project is supported by the soft science plan from
Science and Technology Department of Sichuan Province
under Grant N0.2012ZR0125.

References

[1] L. A. Zadeh, Fuzzy Set, Inform and Control, 8 (1965),
338-353

[2] O. L. Chang, Fuzzy Topological Space, J.Math.Anal.Appl.,
24 (1968), 182-190

[3] A. K. Katsaras, Fuzzy syntopogenous structures compatible
with Lowen fuzzy uniformities and Artico-Moresco fuzzy
proximities, Fuzzy Sets and Systems, 36 (1990), 375-393

[4] A.P. Sostak, On a fuzzy topological structures. Suppl. Rend.
Cire. Mat Palermo Ser. 11, 11 (1985), 89-103.

[5] G Artico and R. Moresco, Fuzzy proximities, and totally
bounded fuzzy uniformities, J. Math. Anal. Appl., 99 (1984),
320-337

[6] B. Hutton, Uniformities on fuzzy topological space, J. Math.
Anal. Appl. 58 (1977), 559-571.

[71 H. Wang, The Refinement of Fuzzy Topogenous structure
and It’s Properties. Fuzzy Systems and Math. 25(4) (2011),
83-86

[8] H. Wang, On Weakly Compact Sets in L-Fuzzy Topological
Spaces, International Journal of Computer Science and
Network Security, 10(6) (2010), 333-336



	References

