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Abstract:

In this paper, we give and study a new class of fuzzy topological
space called ordered fuzzy highly disconnected space. The upper
fuzzy ordered and lower fuzzy ordered space have been defined.
On this basis, some interesting properties of these spaces have
been obtained.
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1. Introduction

Ever since the introduction of fuzzy sets by L.A.Zadeh [1],

the fuzzy concept has invaded almost all branches of
Mathematics. Fuzzy sets have applications in many fields
such as information [2] and control [3]. C.L.Chang [4]
introduced and developed the theory of fuzzy topological
spaces and since then various notion in classical topology
have been extended to fuzzy topological space. The
concept of ordered fuzzy topological spaces was
introduced and developed by A.K.Katsaras [5]. In this
paper we introduce and develop the study of ordered fuzzy
highly disconnectedness spaces.

2. Notations and Preliminaries

Definition2.1. Letx be any fuzzy set in the ordered fuzzy
topological space (X ,U,<),Then defined

I(a) = A{B: pis fuzzy increasing closed and § > o}

D(a) = A{B: pis fuzzy decreasing closed and 3 > o}

I,(a) =\{B: pis fuzzy increasing open and g < a}
D,(a)=v{B: pis fuzzy decreasing open and 8 < a}.

Definition2.2. Let f : (X,U) — (Y,V)be a mapping form a

fuzzy topological space X to another fuzzy topological
space Y. fis called

(i) a fuzzy continuous mapping if f*(a)eU for each
a eV or equivalently f*(g)is fuzzy closed set of X for
each closed set gof Y.

(ii) a fuzzy open/closed mapping if f (¢) is open/closed set
of Y for each open/closed set o of X. [6]
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Definition2.3. For each 7 eR, lety ,n":R(1) —> | be given
byn, (a) =1-a(r) and 5’ () = a(r). Define

n. ={n. 1t e R}U{0.5 and »" ={5" /- e R}U{0.1
Thenp, andy"are called I-topologicies onR(1).[7]

Notation. LVC(X) [UVC(X)] denotes the lattice of all
lower [upper] semi continuous functions from X to R(l),

that is continuous with respect ton, [5"].

3. Ordered fuzzy highly disconnectedness
space and it’s properties

Definition3.1. Let (X,U,<) be an ordered fuzzy
topological space. Let a be any fuzzy open increasing
/decreasing set in (X,U,<) . If I(a)/D(«) is fuzzy open
increasing /decreasing in(X,U,<), then(X,U,<)is said to
be upper/lower fuzzy highly disconnected. (X,U,<) is said

to be ordered fuzzy highly disconnected if it is both upper
and lower fuzzy highly disconnected.

Theorem3.1. For an ordered fuzzy topological space
(X,U,<) the following four equivalent.
(i) (X,U,<) is upper fuzzy highly disconnected.
(ii) For each fuzzy closed decreasing seta ,
D,(«) is fuzzy closed decreasing.
(iii) For each fuzzy open increasing set« , have
I{(a)+D[1-1(a)]=1.
(iv) For each pair of fuzzy open increasing seta , open
decreasing set £ in X with | (a)+ f =1, have |(a)+D(p) =1.
Proof. (i)= (ii) Leta be any fuzzy closed decreasing set.
Then 1-« is fuzzy open increasing set and so by
assumption (i), I (1— &) is fuzzy open increasing. As
D,()=1-1(L-a) That is D, (a) is fuzzy closed decreasing.
(if)= (iii) Let ox be any fuzzy open increasing set. Then
1-1(a)=D,(1-a)Consider | (z)+D[L-1(a)]=(a) + D[D,l-a)].
As o be any fuzzy open increasing ,1-« is fuzzy closed
decreasing and by assumption (ii), D,(1-¢) is fuzzy closed

decreasing. Therefore  D[D,(1-a)]=D,1-«)
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Now I(a)+D[D,(l-a)]=1(a)+D,(1-a)=I(a)+1-I(a) =1
Thatis | («)+D[L-1(a)]=1.

(iii)= (iv) Let is any fuzzy open increasing set, 5 is any
fuzzy open decreasing set in X with |(¢)+f=1, SO
B=1-1(a),D(B)=D[1-I(a)]--- (1) . By assumption (iii)
[(a)+D[1-1(a)] =1+ (2). From (1)and (2) I («) + D(B) =1
(iv) = (i) Let o be any fuzzy open increasing set, put
B=1-1(a). Then g is fuzzy open decreasing and from the
construction of git follows that|(¢)+ s =1. By assumption
(iv) have | (a) + D(B) =1and so | («) =1- D() is fuzzy open
increasing. Therefore (X,U,<) is upper fuzzy highly
disconnected.

Theorem3.2. The image (Y,V,<) of a upper fuzzy highly
disconnected space (X,U, <) under fuzzy continuous, fuzzy

open mapping and order preserving be also upper fuzzy
highly disconnected.
Proof. Let f:(X,U,<)—(Y,V,<)is fuzzy continuous and

fuzzy open mapping. Let gis fuzzy open increasing in Y.
Since f is fuzzy continuous and order preserving, f™(5)

be fuzzy open increasing in X. As X is upper fuzzy highly
disconnected, I[f*(p)] is fuzzy open increasing in X.

Since f is fuzzy continuous, f™'[1(A)]

=I[f (). Hence 1(5) = f{f[1(B)}= LT (AT}
<ILFLEA(AIF=1(B). then F{I[f(B)]}=1(B). Since f
is fuzzy open and order preserving, I[f(B)] is fuzzy
open increasing in X, so f{I[f " (B)]}=1(B) is fuzzy

open increasing in Y. This proves that Y be upper fuzzy
highly disconnected

Definition3.2. An ordered fuzzy topological space
(X,U,<) is upper fuzzy ordered if for every fuzzy closed

increasing set ¢ and fuzzy open increasing set 4 such
thata < S ,there exists a fuzzy open increasing setd such
that <5< 1(5)< S . Similarly we can define lower

fuzzy ordered space. A ordered fuzzy topological space
which is both upper and lower fuzzy ordered is called
fuzzy ordered.

Theorem3.3. If X is upper fuzzy highly disconnected and
upper fuzzy ordered space. LetY c X be such that y, is

fuzzy closed increasing and P Y be such that y,is fuzzy

closed increasing and open increasing. Then there exists a
fuzzy closed increasing set 4 in X such that y Ay, =,

Proof. Asy,is fuzzy open increasing in Y, there exists a
fuzzy open increasing set ¢ in X such that g ay, =y, -

Since y, is fuzzy closed increasing in X, y,is also fuzzy

closed increasing in X. Now « is a fuzzy open increasing
set in upper fuzzy ordered space X such that y, <y, .

Therefore there exists a fuzzy open increasing seto in X
such thaty, <d < 1(d)<a . Letu=1(5), as X is upper
fuzzy highly disconnected, |(5)is fuzzy open increasing
in X Thus uny, =18) Ay, Sanyy =7

Other y,<p and y, <y , have y,<uny, , thus
HANYy =Vp-

Theorem3.4. Let (X,U,<) is ordered fuzzy topological
space and (Y,V,<) is upper fuzzy highly disconnected
space. Let f :(X,U,<)— (Y,V,<) is fuzzy continuous, order
preserving and fuzzy open mapping. Then (X,U,<)is an

upper fuzzy highly disconnected space.
Proof. Let ¢ is a fuzzy open increasing set in (X,U,<).

As f is order preserving and fuzzy open mapping, f(a) is
a fuzzy open increasing set in(Y,V,<).Since Y is upper
fuzzy highly disconnected space, I[f(x)] is fuzzy open
increasing. As f is fuzzy continuous, order preserving and
fuzzy open mapping, f{I[f(a)]}=I(x) and f{I[f ()]}
is fuzzy open increasing. That is I(x) is fuzzy open
increasing. Therefore (X,U,<) is an upper fuzzy highly
disconnected space.

Theorem3.5. Let(X,U,<)is a ordered fuzzy topological
space. Then (X,U,<)be upper fuzzy highly disconnected
iff for all fuzzy decreasing open set o and decreasing
closed set #such thater < 3, then D(a) < D, (f3) -

Proof. Let (X,U,<) be upper fuzzy highly disconnected,
o be any fuzzy open decreasing set, S is any fuzzy closed
decreasing set and a<pf . Then by (i)
Theorem3.1, D, () is fuzzy closed decreasing. As ¢ is
fuzzy open decreasing and o < f, thus D(a) < D,(f) -
Conversely, let g is any fuzzy closed decreasing set,
then D,(f) is fuzzy open decreasing. So D (S)<f .
Therefore by assumption have D[D, (/)] < D,(f) . This
implies that D, (/) is fuzzy closed decreasing. Hence by
(if) Theorem3.1, has (X,U,<) be upper fuzzy highly
disconnected.

Remark3.1. If (X,U,<) be an upper fuzzy highly
disconnected space. Let (¢;,,1-4),ieN be a collection
such that fuzzy open decreasing sets, B be fuzzy closed
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decreasing sets and let ¢,1- 3 be fuzzy open decreasing
and fuzzy open increasing respectively. If g, < a,B<p, for
all i,jeN , then there exists fuzzy open decreasing
set usuch that D(e;) < 4 < D, (;) for alli, je N .

By the above property D(c;)<D(a)AD,(8)<D(f))
i,jeN. Setting ;= D(a)AD,(f), usatisfies our required
condition.

Theorem3.6. If (X,U,<) be an upper fuzzy highly
disconnected space. Let{x }, , and {4}, , be monotone

increasing collections of fuzzy open decreasing sets and
fuzzy closed decreasing sets of X and suppose
that ¢, < 3 whenever g <q, (Q is the set of rational

numbers). Then there exists a monotone increasing
collection{y }. , of fuzzy open decreasing sets of X such

that D(a, ) < u, @nd u, <D,(f3, ) Wheneverg, <q,.
Proof. Let us arrange into sequence {q } of rational

numbers without repetitions. For every n>2, we shall
define inductively a collection{ ;1<i<n} such that

D(a) <, -|fq<qi g, foralli<n.
/uqI N Dl(ﬂq) If qi < q !
By Theorem3.5 the family{D(«,)}and{D, (5,)}satisfying

D(C(q1 )S Dl(ﬂqz) If ql < qZ '
fuzzy open decreasing set,such thatD(a,) <6, <D,(f, ) -

By Remark3.1 there exists

Seting Hy, =0, 9€tS,. Assume that fuzzy sets g are already
satisfy S,
O =v{u, :i<ng<q}ve, and ‘P=/\{,qu j<ng >qing, -
Then we have that D(f”qi) <D(D)< Dl(:qu) and
D(u,,) < D,(¥) < D, (1, ) Whenever g, <q, <q;(i, j<n) as
well as g, <D(®)< g, and ¢, <D,(¥)<p, Whenever
g<g,<q - This shows that the countable collection
{u, 1i<ng <0 }U{e,:q<q.} and {u, :j<ng;>q}U{4, 19>}

together with @ and ¥ fulfill all conditions of Remark3.1.
Hence there exists a fuzzy open decreasing set 5, such

that D(5)<pg, If q,<q . «,<D(5) if q<gq, .
D(4,) < Dy(5,) if g, <q, . D(8,) < Dy(uy) if g, <q;, where
1<i,j<n-1. Now setting My = 6, WE obtain the fuzzy
SES g1y, My s Moy that satisfy S , . Therefore the
collection {uy:1=12--} has required property. This

defined for i<n and Define

completes the proof.

Definition3.3. Let (X,U,<) and (Y,V,<) be ordered fuzzy
topological space. A mapping f:(X,U,<)—(Y,V,<) is
called increasing/decreasing fuzzy continuous if f () is

fuzzy open (closed) increasing/decreasing set of X for
every fuzzy open (closed) setq of Y. If f is both increasing

and decreasing then it is called ordered fuzzy continuous.

Theorem3.7. Let(X,U,<)is a ordered fuzzy topological

space. Then the following statements are equivalent.

(i) (X,U,<) is upper fuzzy highly disconnected.

(i) If g e LVC(X) ,he UVC(X) and g <h then there exists
an increasing fuzzy continuous function f:(X,U,<) > R(l),
suchthat g < f <h .

(iii) If1-a, B U and g < o then there exists an increasing
fuzzy continuous function f:(X,U,<)—R(l) such that
B<Ry <a.

Proof. (i) = (ii) defineH_=pnhandG =(1-7n")g, reQ.
Thus get two monotone increasing families of respectively

open decreasing and closed decreasing sets of X.
Moreover H_ <G, ifr<s. By Theorem3.6 there exists a

monotone increasing family {F1}., of fuzzy open
decreasing sets of X such that D(H )<F, and
F. <D,(G,) whenever r <s . DefineVv =_,(1-F) for all
teR, we havev, .V =v,, A, (1-F)2v, A (1-G)
=Viw Aa 0 @-1) =vie 07 (A-n) =97 Vi (-7)1=1 -
Let a function f:(X,U,<)— R(l) satisfying the required
properties f (x)(t)=V,(x) for all xeX and teR . To
prove f is a increasing fuzzy continuous function. We
observe that v_V.=v_ 1,(V,) s, AV, =2 I(V,) - Then
') =v. V., =v 1, (V) is fuzzy open
f1(1-n)=nA. V. =, 1 (V,)is fuzzy closed increasing, so
that f is increasing fuzzy continuous. To conclude the
proof it remains to show thatg < f <h, that isg™(1-7,)
< f7(-n) <h*@-n) and g7 (') < f7(p") <h™(n") for
eachte R. We have g*(1-7) =, g (1-7,)

= Asa Mees 87 0=11) SA A U-F) = AV = (-7,
and £ (1-7,) = A A L-F) SA A (1-H))

=A AN M) =Aa 0 (L-n,) = f(1-n,) . Similarly we
obtain g~ (7') = v, 97 (7°) = vy, Ve §7(U-1) Svg A (L-F)
=v_V., =f'@) and fi@x) =v_ V. =v A (L-F)

VoVes H) = v ) =vy () =ht) - Thus

st Vs st Vs s>t

(i)=(ii) is proved.

increasing.
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(i) & (iii) Supposel-¢, feU and f<q . Then 7557, and
7ﬂe|_vc(x), 7, €UVC(X) . Hence by (ii) there exists
increasing fuzzy continuous function f:(X,U,<)—R(l)
such that y < f <y, . Clearly f(x)eR(l) for all xe X and

B=WU-n)y,<U-n)f <n'f<n'y,=a.
(iii) = (i) This follows Theorem3.5 and the fact that
(1-n,) f and ' f are fuzzy closed decreasing and fuzzy open

decreasing set respectively. So the result.

Theorem3.8. Let (X,U,<) is a upper fuzzy highly
disconnected space and K X be such that 8 eU . Let
f:(K,U/K)—R(l) be increasing fuzzy continuous. Then
f has an increasing fuzzy continuous extension over X.

Proof. Letg,h:X —R(l)be such thatg=f=honK, and
90 =(0),h(x)=(0) - Havey'g = § ny, where g eU is such
that g /K =n'f and ph=qa, Ay, Where ¢ eU is such that
a/K=nf. Thus geLVC(X), heUVC(X)and g<h. By

Theorem3.7 there is an increasing fuzzy continuous
function F:(K,U,<)—>R(l) such that g<F<h and
F=fonkK.
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