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Abstract: 
In this paper, we give and study a new class of fuzzy topological 
space called ordered fuzzy highly disconnected space. The upper 
fuzzy ordered and lower fuzzy ordered space have been defined. 
On this basis, some interesting properties of these spaces have 
been obtained. 
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1. Introduction 

 Ever since the introduction of fuzzy sets by L.A.Zadeh [1], 
the fuzzy concept has invaded almost all branches of 
Mathematics. Fuzzy sets have applications in many fields 
such as information [2] and control [3]. C.L.Chang [4] 
introduced and developed the theory of fuzzy topological 
spaces and since then various notion in classical topology 
have been extended to fuzzy topological space. The 
concept of ordered fuzzy topological spaces was 
introduced and developed by A.K.Katsaras [5]. In this 
paper we introduce and develop the study of ordered fuzzy 
highly disconnectedness spaces. 

2. Notations and Preliminaries 

Definition2.1. Letα  be any fuzzy set in the ordered fuzzy 
topological space ( , , )X U ≤ ,Then defined   

( ) { :I α β β= ∧ is fuzzy increasing closed and }β α≥  
( ) { :D α β β= ∧ is fuzzy decreasing closed and }β α≥  

1( ) { :I α β β= ∨ is fuzzy increasing open and }β α≤  

1( ) { :D α β β= ∨ is fuzzy decreasing open and }β α≤ . 
 
Definition2.2. Let : ( , )f X U ( , )Y V→ be a mapping form a 
fuzzy topological space X to another fuzzy topological 
space Y. f is called 
(i) a fuzzy continuous mapping if 1( )f Uα− ∈  for each 

Vα ∈ or equivalently 1( )f β− is fuzzy closed set of X for 
each closed set β of Y.  
(ii) a fuzzy open/closed mapping if ( )f α is open/closed set 
of Y for each open/closed setα of X. [6] 

Definition2.3. For each ,Rτ ∈  let , τ
τη η : ( )R I I→  be given 

by ( ) 1 ( )τη α α τ= −  and ( ) ( )τη α α τ= . Define 
 * { / } {0.1}Rτη η τ= ∈  and * { / } {0.1}Rτη η τ= ∈  
Then *η and *η are called I-topologicies on ( )R I .[7] 
 
Notation. LVC(X) [UVC(X)] denotes the lattice of all 
lower [upper] semi continuous functions from X to ( )R I , 
that is continuous with respect to *η [ *η ]. 

3. Ordered fuzzy highly disconnectedness 
space and it’s properties 

Definition3.1. Let ( , , )X U ≤  be an ordered fuzzy 
topological space. Let α  be any fuzzy open increasing 
/decreasing set in ( , , )X U ≤ . If ( ) / ( )I Dα α  is fuzzy open 
increasing /decreasing in ( , , )X U ≤ , then ( , , )X U ≤ is said to 
be upper/lower fuzzy highly disconnected. ( , , )X U ≤  is said 
to be ordered fuzzy highly disconnected if it is both upper 
and lower fuzzy highly disconnected. 
 
Theorem3.1. For an ordered fuzzy topological space 
( , , )X U ≤ the following four equivalent. 
(i) ( , , )X U ≤  is upper fuzzy highly disconnected. 
(ii) For each fuzzy closed decreasing setα ,  

1( )D α  is fuzzy closed decreasing. 
(iii) For each fuzzy open increasing setα , have 

( ) [1 ( )] 1I D Iα α+ − = . 
(iv) For each pair of fuzzy open increasing setα , open 
decreasing set β in X with ( ) 1I α β+ = , have ( ) ( ) 1I Dα β+ = .   
Proof. (i)⇒ (ii) Letα be any fuzzy closed decreasing set. 
Then 1 α− is fuzzy open increasing set and so by 
assumption (i), (1 )I α−  is fuzzy open increasing. As 

1( ) 1 (1 ),D Iα α= − − That is 1( )D α is fuzzy closed decreasing. 
(ii)⇒ (iii) Letα be any fuzzy open increasing set. Then  

11 ( ) (1 )I Dα α− = − Consider 1( ) [1 ( )] ( ) [ (1 )].I D I I D Dα α α α+ − = + −  
Asα be any fuzzy open increasing ,1 α−  is fuzzy closed 
decreasing and by assumption (ii), 1(1 )D α−  is fuzzy closed 
decreasing. Therefore 1 1[ (1 )] (1 )D D Dα α− = − . 
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Now 1 1( ) [ (1 )] ( ) (1 ) ( ) 1 ( ) 1I D D I D I Iα α α α α α+ − = + − = + − = . 
That is ( ) [1 ( )] 1I D Iα α+ − = . 
(iii)⇒ (iv) Letα is any fuzzy open increasing set, β  is any 
fuzzy open decreasing set in X with ( ) 1I α β+ = , so 

1 ( )Iβ α= − , ( ) [1 ( )] (1)D D Iβ α= − . By assumption (iii) 
( ) [1 ( )] 1 (2)I D Iα α+ − = . From (1)and (2) ( ) ( ) 1I Dα β+ =  

(iv) ⇒ (i) Let α be any fuzzy open increasing set, put 
1 ( )Iβ α= − . Then β  is fuzzy open decreasing and from the 

construction ofβ it follows that ( ) 1I α β+ = . By assumption 
(iv) have ( ) ( ) 1I Dα β+ = and so ( ) 1 ( )I Dα β= −  is fuzzy open 
increasing. Therefore ( , , )X U ≤  is upper fuzzy highly 
disconnected.  
 
Theorem3.2. The image ( , , )Y V ≤ of a upper fuzzy highly 
disconnected space ( , , )X U ≤ under fuzzy continuous, fuzzy 
open mapping and order preserving be also upper fuzzy 
highly disconnected. 
Proof. Let : ( , , ) ( , , )f X U Y V≤ → ≤ is fuzzy continuous and  
fuzzy open mapping. Let β is fuzzy open increasing in Y. 
Since f  is fuzzy continuous and order preserving, 1( )f β−  
be fuzzy open increasing in X. As X is upper fuzzy highly 
disconnected, 1[ ( )]I f β−  is fuzzy open increasing in X. 
Since f  is fuzzy continuous, 1[ ( )]f I β−  

1[ ( )]I f β−= . Hence 1( ) { [ ( )]}I f f Iβ β−= = 1{ [ ( )]}f I f β−  
1{ [ ( )]} ( )I f f Iβ β−≤ = , then 1{ [ ( )]} ( )f I f Iβ β− = . Since f  

is fuzzy open and order preserving, 1[ ( )]I f β−  is fuzzy 
open increasing in X, so 1{ [ ( )]} ( )f I f Iβ β− =  is fuzzy 
open increasing in Y. This proves that Y be upper fuzzy 
highly disconnected  
 
Definition3.2. An ordered fuzzy topological space 
( , , )X U ≤  is upper fuzzy ordered if for every fuzzy closed 
increasing set α and fuzzy open increasing set β  such 
thatα β≤ ,there exists a fuzzy open increasing setδ such 
that ( )Iα δ δ β≤ ≤ ≤ . Similarly we can define lower 
fuzzy ordered space. A ordered fuzzy topological space 
which is both upper and lower fuzzy ordered is called 
fuzzy ordered.    
. 
Theorem3.3. If X is upper fuzzy highly disconnected and 
upper fuzzy ordered space. Let Y X⊂ be such that  Yγ is 
fuzzy closed increasing and P Y⊂ be such that  Pγ is fuzzy 
closed increasing and open increasing. Then there exists a 
fuzzy closed increasing setµ in X such that Y Pµ γ γ∧ = . 
Proof. As Pγ is fuzzy open increasing in Y, there exists a 
fuzzy open increasing set α in X such that Y Pα γ γ∧ = . 

Since Yγ is fuzzy closed increasing in X, Pγ is also fuzzy 
closed increasing in X. Now α  is a fuzzy open increasing 
set in upper fuzzy ordered space X such that P Yγ γ< . 
Therefore there exists a fuzzy open increasing setδ in X 
such that ( )P Iγ δ δ α< < < . Let ( )Iµ δ= , as X is upper 
fuzzy highly disconnected, ( )I δ is fuzzy open increasing 
in X. Thus ( )Y Y Y PIµ γ δ γ α γ γ∧ = ∧ ≤ ∧ = ;      
Other Pγ µ< and P Yγ γ≤ , have P Yγ µ γ≤ ∧ , thus 

Y Pµ γ γ∧ = . 
 
Theorem3.4. Let ( , , )X U ≤ is ordered fuzzy topological 
space and ( , , )Y V ≤  is upper fuzzy highly disconnected 
space. Let : ( , , ) ( , , )f X U Y V≤ → ≤  is fuzzy continuous, order 
preserving and fuzzy open mapping. Then ( , , )X U ≤ is an 
upper fuzzy highly disconnected space.     
Proof. Letα is a fuzzy open increasing set in ( , , )X U ≤ . 
As f is order preserving and fuzzy open mapping, ( )f α  is 
a fuzzy open increasing set in ( , , )Y V ≤ .Since Y is upper 
fuzzy highly disconnected space, [ ( )]I f α  is fuzzy open 
increasing. As f  is fuzzy continuous, order preserving and 
fuzzy open mapping, 1{ [ ( )]} ( )f I f Iα α− =  and 1{ [ ( )]}f I f α−  
is fuzzy open increasing. That is ( )I α is fuzzy open 
increasing. Therefore ( , , )X U ≤  is an upper fuzzy highly 
disconnected space.        
 
Theorem3.5. Let ( , , )X U ≤ is a ordered fuzzy topological 
space. Then ( , , )X U ≤ be upper fuzzy highly disconnected 
iff for all fuzzy decreasing open set α and decreasing 
closed set β such thatα β≤ , then 1( ) ( )D Dα β≤ . 
Proof. Let ( , , )X U ≤ be upper fuzzy highly disconnected, 
α be any fuzzy open decreasing set, β  is any fuzzy closed 
decreasing set and α β≤ . Then by (ii) 
Theorem3.1, 1( )D β is fuzzy closed decreasing. Asα is  

fuzzy open decreasing and α β≤ , thus 1( ) ( )D Dα β≤ . 
Conversely, let β is any fuzzy closed decreasing set, 
then 1( )D β is fuzzy open decreasing. So 1( )D β β≤ . 

Therefore by assumption have 1 1[ ( )] ( )D D Dβ β≤ . This 

implies that 1( )D β is fuzzy closed decreasing. Hence by 
(ii) Theorem3.1, has ( , , )X U ≤ be upper fuzzy highly 
disconnected.              
 
Remark3.1. If ( , , )X U ≤ be an upper fuzzy highly 
disconnected space. Let ( ,1 ),i i i Nα β− ∈ be a collection 
such that fuzzy open decreasing sets, jβ be fuzzy closed 
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decreasing sets and let ,1α β− be fuzzy open decreasing 
and fuzzy open increasing respectively. If ,i jα α β β≤ ≤ for 
all ,i j N∈ , then there exists fuzzy open decreasing 
setµ such that 1( ) ( )i jD Dα µ β≤ ≤ for all ,i j N∈ . 
By the above property 1 1( ) ( ) ( ) ( )i jD D D Dα α β β≤ ∧ ≤ , 

,i j N∈ . Setting 1( ) ( )D Dµ α β= ∧ , µ satisfies our required 
condition.           
 
Theorem3.6. If ( , , )X U ≤ be an upper fuzzy highly 
disconnected space. Let{ }q q Qα ∈

 and { }q q Qβ ∈
 be monotone 

increasing collections of fuzzy open decreasing sets and 
fuzzy closed decreasing sets of X and suppose 
that

1 2q qα β≤ whenever 1 2q q< (Q is the set of rational 
numbers). Then there exists a monotone increasing 
collection{ }q q Qµ ∈

 of fuzzy open decreasing sets of X such 
that

1 2
( )q qD α µ≤ and

1 21( )q qDµ β≤  whenever 1 2q q< .     
Proof. Let us arrange into sequence { }nq of rational 
numbers without repetitions. For every 2n ≥ , we shall 
define inductively a collection{ ;1 }

iq i nµ ≤ ≤  such that 

1

( )

( )
i

i

q q i
n

q q i

D if q q
S

D if q q

α µ

µ β

≤ < 
≤ < 

,  for all i n< . 

By Theorem3.5 the family{ ( )}qD α and 1{ ( )}qD β satisfying   

1 21( ) ( )q qD Dα β≤ if 1 2q q< . By Remark3.1 there exists 
fuzzy open decreasing set 1δ such that

21 1 1( ) ( )qD Dα δ β≤ ≤ . 
Seting

1 1qµ δ= get 2S . Assume that fuzzy sets qiµ are already 
defined for i n< and satisfy nS . Define 

{ : , }
nqi i n qi n q qµ αΦ = ∨ < < ∨ and { : , }

j nq j n qj n q qµ βΨ = ∧ < > ∧ . 

Then we have that
1( ) ( ) ( )

i jq qD D Dµ µ≤ Φ ≤  and 

1 1( ) ( ) ( )
i jq qD D Dµ µ≤ Ψ ≤ whenever ( , )i n jq q q i j n< < <  as 

well as ( )q qDα β ′≤ Φ ≤ and 1( )q qDα β ′≤ Ψ ≤  whenever  

nq q q′< <  . This shows that the countable collection 
{ : , } { : }

iq i n q ni n q q q qµ α< < < and { : , } { : }
jq j n q nj n q q q qµ β< > >  

together withΦ andΨ fulfill all conditions of Remark3.1.  
Hence there exists a fuzzy open decreasing set nδ such 
that ( )n qD δ β≤ if nq q< , 1( )q nDα δ≤ if nq q< , 

1( ) ( )
iq nD Dµ δ≤ if i nq q< , 1( ) ( )n qjD Dδ µ≤ if n jq q< , where 

1 , 1i j n≤ ≤ − . Now setting qn nµ δ= we obtain the fuzzy 
sets 1 2, , ,q q qnµ µ µ that satisfy 1nS +

. Therefore the 
collection { : 1,2 }qi iµ = has required property. This 
completes the proof.          
 

Definition3.3. Let ( , , )X U ≤ and ( , , )Y V ≤ be ordered fuzzy 
topological space. A mapping : ( , , ) ( , , )f X U Y V≤ → ≤ is 
called increasing/decreasing fuzzy continuous if 1( )f α−  is 
fuzzy open (closed) increasing/decreasing set of X for 
every fuzzy open (closed) setα of Y. If f is both increasing 
and decreasing then it is called ordered fuzzy continuous.   
 
Theorem3.7. Let ( , , )X U ≤ is a ordered fuzzy topological 
space. Then the following statements are equivalent. 
(i) ( , , )X U ≤ is upper fuzzy highly disconnected. 
(ii) If LVC(X) , UVC(X) g h∈ ∈ and g h≤ ,then there exists 
an increasing fuzzy continuous function : ( , , ) ( )f X U R I≤ → , 
such that g f h≤ ≤  . 
(iii) If1 , Uα β− ∈ and β α≤ then there exists an increasing 
fuzzy continuous function : ( , , ) ( )f X U R I≤ →  such that 

0 fRβ α≤ ≤ .     

Proof. (i) ⇒ (ii) define H hτ τη= and (1 )G gτ
τ η= − , Qτ ∈ . 

Thus get two monotone increasing families of respectively 
open decreasing and closed decreasing sets of X. 
Moreover sH Gτ ≤ if sτ < . By Theorem3.6 there exists a 
monotone increasing family { } QFτ τ∈  of fuzzy open 
decreasing sets of X such that ( ) sD H Fτ ≤ and 

1( )sF D Gτ ≤ whenever sτ < . Define (1 )t tV Fτ τ<= ∧ − for all 
t R∈ , we have (1 )t R t t R tV Fτ τ∈ ∈ <∨ = ∨ ∧ − (1 )t R t Gτ τ∈ <≥ ∨ ∧ −  

1(1 )t R t gτ τη
−

∈ <= ∨ ∧ − 1(1 )t R tg η−
∈= ∨ − 1[ (1 )] 1t R tg η−

∈= ∨ − = . 
Let a function : ( , , ) ( )f X U R I≤ → satisfying the required 
properties ( )( ) ( )tf x t V x= for all x X∈ and t R∈ . To 
prove f is a increasing fuzzy continuous function. We 
observe that 1( )s t s s t sV I V> >∨ = ∨ , ( )s t s s t sV I V< <∧ = ∧ . Then 

1
1( ) ( )t

s t s s t sf V I Vη−
> >= ∨ = ∨ is fuzzy open increasing. 

1(1 ) ( )t s t s s t sf V I Vη−
< <− = ∧ = ∧ is fuzzy closed increasing, so 

that f is increasing fuzzy continuous. To conclude the 
proof it remains to show that g f h≤ ≤ , that is 1(1 )tg η− −  

1(1 )tf η−≤ − 1(1 )th η−≤ − and 1( )tg η− 1( )tf η−≤ 1( )th η−≤ for 
each t R∈ . We have 1(1 )tg η− − 1(1 )s t sg η−

<= ∧ −  
1(1 )s t r s rg η−

< <= ∧ ∧ − (1 )s t r s rF< <≤ ∧ ∧ − s t sV<= ∧ 1(1 )tf η−= −  
and 1(1 )tf η− − (1 )s t r s rF< <= ∧ ∧ − (1 )s t r s rH< <≤ ∧ ∧ −  

1( )r
s t r s h η−
< <= ∧ ∧ 1(1 )s t sh η−

<= ∧ − 1(1 )tf η−= − . Similarly we 
obtain 1( )tg η− 1( )s

s t g η−
>= ∨ 1(1 )s t r s rg η−

> >= ∨ ∨ − (1 )s t r s rF> <≤ ∨ ∧ −

s t sV>= ∨  1( )tf η−= and 1( )tf η−
s t sV>= ∨ (1 )s t r s rF> <= ∨ ∧ −  

(1 )s t r s rH> >≤ ∨ ∨ − 1( )r
s t r s h η−
> >= ∨ ∨ 1 1( ) ( )s t

s t h hη η− −
>= ∨ = . Thus 

(i)⇒ (ii) is proved.  
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(ii) ⇔ (iii) Suppose 1 α− , Uβ ∈  and β α≤ . Then
β αγ γ≤ and 

( )LVC Xβγ ∈ , ( )UVC Xαγ ∈ . Hence by (ii) there exists 
increasing fuzzy continuous function : ( , , ) ( )f X U R I≤ →  
such that fβ αγ γ≤ ≤ . Clearly ( ) ( )f x R I∈  for all x X∈ and 

1(1 ) ββ η γ= − 1(1 ) fη≤ − 1 1f αη η γ α≤ ≤ = .                        
(iii) ⇒ (i) This follows Theorem3.5 and the fact that 

1(1 ) fη− and 1 fη are fuzzy closed decreasing and fuzzy open 
decreasing set respectively. So the result. 
 
Theorem3.8. Let ( , , )X U ≤ is a upper fuzzy highly 
disconnected space and K X⊂  be such that K Uβ ∈ . Let 

: ( , / ) ( )f K U K R I→ be increasing fuzzy continuous. Then 
f has an increasing fuzzy continuous extension over X. 

Proof. Let , : ( )g h X R I→ be such that g f h= = on K , and 
( ) (0)g x = , ( ) (1)h x = . Have t

t Kgη β γ= ∧ where t Uβ ∈ is such 
that / t

t K fβ η= and t t Khη α γ= ∧ where t Uα ∈ is such that 
/t tK fα η= . Thus ( )g LVC X∈ , ( )h UVC X∈ and g h≤ . By 

Theorem3.7 there is an increasing fuzzy continuous 
function : ( , , ) ( )F K U R I≤ →  such that g F h≤ ≤ and 
F f= on K .      
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