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Abstract

In the present paper, using the prime member of local field with
positive characteristic, some concept of multiresolution analysis
(MRA) and wavelets were extended to such fields. The
separation lemma was proved and applying this lemma, the
wavelet packets related to multiresolution analysis was built.
Also it is shown that these wavelet packets translations produces
one unique orthogonal basis for desired local fields. The
separation lemma for frames was proved and then, it was used to
construct framelets.
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1. Introduction

Wavelets are of the family of dilation and includes the
transformation of a function called mother wavelet
(Daubechies, 1992). Wavelets were introduced in early
1980 and attracted many people of mathematical
community and other fields in which wavelet can play
useful role and the results of the interest were several
books and high volume of research articles about them
(Grochenig, 2000)

Wavelets have different application in several fields, for
example, (Jiang, 2004) wavelet transform is used as a tool
for analyzing frequency and time (Zheng, 1990) and
wavelet analysis is used as mathematical microscope which
is closely related to harmonic analysis and approximation
theory. In this study, it was used for studying
multiresolution analysis on local field and building the
corresponding wavelet (Zheng, 1997)

Dahlke (Dahlke, 1994) introduced wavelets and
multiresolution. Han et al (Stavropoulos, 1998) have
developed these concepts in Hilbert spaces and Lemarie
(Lemarie, 1989) examined them on Lie groups.

2. Method

Local field : Definition: Suppose that = is a field and
topological space. In this case, t=is called locally compact
field or a local field, if ="and * are locally compact
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abelian groups. k*and *"are collective and multiplicative
groups of field -, respectively.

2.1 Definition

commutative ring #2 is called integer domain if
@.b — =g r resultsin @ — eor - — =,

2.2 Definition

It is said that a field F is with characteristic z» = = , if
for every. - =¥, »# =< and no positive integer smaller

than 2 has such characteristic. In this case char( & )=p
Remark : If the field = has no the characteristic of # for

every positive integer of # |, it is called a field
characterized by 0.
2.3 Example

2and Rand T are the fields characterized by zero, Z-isa
field characterized by 3.

2.4 Theorem

A field is characterized by zero or prime number.

2.5 Corollary

If s a finite field of card¥ = o<, then it is characterized
by prime number.

2.6 Theorem

[7] If IF is a finite field, then “==<F — »" where 7 € N
and -r = charF

2.7 Example

If 2 is prime number, then =~ is a field.

2.8 Theorem

For every prime number p and every positive integer n,
there is a unique field with ™ members.

2.9 Definition

If # is prime number and " = Vis integer, then a unique
field with 2" members is called Galois field of order

T
p and represented by “T?") or B,
Remark: Given the result 1 and theorem 2 we have
charGF(p™) = p

2.10 Definition
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Suppose that ¥ js a field. In this case, F(®) is the set of
all formal infinite sums of

end" + ey H e ith the variable t where e € Z
and Ane{n.n.+V,..}) e, eF _ If
”‘r"‘ - r'”_f” T I‘"” -—‘r“ +‘ | Ut e

J(8) = by 7+ by oyt

“ belong to F((1)) then, it will

be easily shown that F(() js a field and called formal
Laurent series field. It is clear that field k with the discrete
topology is a local field, so from here, k is a local field
with non-discrete topology.

2.11 Definition

Suppose that G is a group. Then the map f:& —= G is
called homomorphism map if -* is surjective and injective
homomorphism.

2.12 Definition

Suppose that G is a locally compact group with the Haar

measure . Then, homomorphism (continuous) -* on G is
considered, if E is a Borel subset of G, then F(E) is a
Borel subset of G and wf is a Haar measure of G, given
the uniqueness of Haar measure, there is ¢~ ° that

Hof =< in this case ¢ is called module of 7 and

represented by ™°4<(f) Given the definition:
plr(E)) = moda(AntE) Eor every subset of E from G.

3. Results

¥ \
Multiresolution analysis for £ (¥)

From now on, by K we mean a discrete local field with
positive character char(K)=p>0.

3.1 Definition

Let K be a local field with positive character p. Then we
define the following subsets of K:

D={xek:lxl =1} E={xek:|x| =1}

Where D is the integer domain and B is called the prime
ideal of K.

3.2 Theorem

Finite field GF(q) (g=p°® )where p is prime number and

€e N, is a vector space with the dimension ¢ on finite
field GF(q).

3.3 Proposition

The quotient space
dimensional field GF(q

is isomorphic with the finite

o |

—

ey 2 % GR(e) = ]
Given the above proposition, © * ' B~ % \where p is
prime number and ¢ <IN | Standard homomorphism
m:D > L from D on L is considered, given the

previous theorem, L is a vector space with the dimension ¢
on finite field GF (p). Now, the set

{) =eoevo 6} € D C Dig selected where (™ (8)}i=t js a
basis for L on finite field GF(p).

3.4 Definition

Suppose that ¥ =N {°} and Pare the prime members of

local field k. in this case, for € Neand ° =7 <4 (q=p°
where p is prime number and¢ € V), we have:

o <ap<p, k=-o° Y ..., c—\
n=a,+a\p+-+a\p",

We define:

u(n) = (a. +avey + ...+ Qe 6oy )P ' o <n<q,

For " = ° we have:

no="h. +byvg+--+bag®, o=y <q, k=291

w(n) =u(b.) +u(d)p™ + ...+ ulb)p~".
3.5 Proposition

Suppose that {“0") i € H-}is 3 set defined above. In this
case,
{u(n)p}izt . .
. is a set of all equivalence classes of B in D,
therefore

Hu(n)p)iz) = ﬂ = GF(q) = .~,lwn.l{r),}"|_\,
{u(n)}i.

"isaset of all equivalence classes of D in B
3.6 Proposition

For every mn,m e N, the equation w(n +m) = u(n)+u(m) is
not established, but if sSe<giankze ,
then.a.--;rq-" +3) = u(r)p~ +uls)

3.7 Proposition

If k,leN. and  is a characteristic defined on K, then

[ ep( ) p=ej=\
p =

3.8 Wavelet frame packets (Framelets)
Definition: Suppose that H is a separable Hilbert space.

The sequence {#x k€ Z}in the Hilbert space H is a
frame for H, if there are the constants c1 and c2, such that
for every = = # | the following equation holds:

Ol <3 e w) " < Ol
keZ
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The largest c1 and the smallest c2 which are satisfied in
above equation, are called the bounds of frame.
Now we are going to establish some part of classical frame
theory, for L2 (K) where K is a local field of positive
characteristic.
Suppose that ®={#v.er.....ent © L7(5) where the following
system

{@l. —u(k)) Y <1< N keHN.},
isa frame for

S(®@) =span{p(. —u(k)): \ <I< N,k eN.},

Suppose that ¥ ¥ ¥~tis g subset of S(®), there is a
question:

When can it be said that /(- — () =\ =l < NE=T}jq g159
a frame for S(®)?

If ¥i€5(2)

, then, there is a sequence 1 *=M-lijn

lY (Nc ) Where wilz) = ?__‘ ‘Z_ rarle — uik)),

By applying Fourier transform, we have:

N
U€) =YY runl(©)dnl€)

I=\ kel.
N
=" Ra(©)@ail€),
1=\
Ri(€) 2 Ril€) = 2pen, Tinexs(€) . .. .
is an integer periodic function,

because for every " eN.

Rul€ +uln)) = 2 i Xel& +uin))
kEN

- l_l_" rixe £ xelu(n)) = é e Xe(E) — R_ﬂ (‘E)

So our discussion about ir;. to be frame or not, reduced to
these periodic functions.

, We have:

3.7 Proposition

if FPEN and X is a characteristic on K, i.e.,

(p~') = exp ";—f),—" v, xnlu(l)) —
v , then ™ =" I k=0 or k=1, then

it is clear that Xe(u(l)) = x(u(k)u(l)) = x(=) =V,

4. Discussion

Separation lemma for wavelet frame packets

The main idea of separation lemma is building wavelet
frame packets and following theorem.

Theorem: Suppose that {#i:)<!<N}CL'(k) where

{@(. —u(k)): Y <I<N,keN.}, is a frame for

V. =span{g(. —u(k)) Y <1< N, ke N.} with the bounds
of ¢l and c2, if {¥f:n=°. Y=< N}js wavelet frame

Vi={feLlk): f(p)eV.}.

packets and then for every /= °

the set i —uk)) e <n<g =V, V<IZ N ke M.}
functions of a frame for "7 with the bounds of Ajcl and
Ajc2.

To clarify this theorem and to prove it, following items are
used.

Definition: Suppose that ¥ =7=%} js a set of functions
[wil. —u(k)):V<j<NkelN.}

“is of the

in L & where 'is a frame for
Vi=Sspan{gil. —ulk)) - Y <7< N keMN.}, gnd there is a

{hi - k€ N} € I7(W,),

sequence for

°o<r=g—\Y:«)=L<N jnthis case, we define:
I(x) = q¥ ‘;“ S Wl 'r — uik))

With the Fourier transform of above equation, we have:
UE) = Z S g X)) = Z:J;;J__-Jmu.

B(€) = > g hal).

We also define
H.(€) = (hi;(€))

VELGEN?

and
H(g) = [’H_.I.'; : ,u.l[.-.;ju}h )

It is clear that #'¢) is a square matrix of order gN.
Lemma: ¥I can be written as follows:

b
Wy 5 h -
T ,_(lz LT i (p7 e = ulk))
N gt
3 Sttt (75 — ulgh +9))
juu ) ame REN,
N
=3V e —p tulk) —uls)))
N q=3

) ;Z _z h e (r — (R
®)

That proposition top is applied above, where
@) = i (p T — u(s))),
With the Fourier transform of Eq. (8), we have:

MO =333 A e i€ () (6)
j=\ s=» keN

e=s<g—0,

N g\

=33 ap(©)@) @),
where iy (8) = Ppen, M grraXilE)
. rs .
Now, the matrices A(&) 2 A™(€) are defined as follows:
A = (ate)) o Afg) {.a"r_;;}\_ o

then put:

=i (E) = diq :\l'\rr[r]:}: + pu(s))),

B = (F(©) . x €D
Now almost everywhere for ,
E(§) = (F"m)‘_ -

now we define matrix ©'¢) as follows:
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. VL<Lj<Nie<ra<g—1Y
Proposition: Show that for ,
H(&) = Alp "OFE) that € js a unitary matrix defined in
above equation.

Proof: Given the definition, it is clear that " *'th block of

1
7

o ) Z.-'i"ll:p ‘e EE),
Al O is the matrix =

component of this block is equal to

matrix
(I, jth
}_ \’f

2 LE=YY 3 Bl € g™ XHOE + 0]

=ts y t (¢
{‘NIJtE-I 3 “.:m[t]

(Gjyen the definition )

Z Z 1, e P ) X (1) (€ + pu(s))),
tmo kel

Now, (I, j)th component of (":5)th block of matrix ' is

M€ + pu(s)) = ¢ F Z Wix(u(k)E + puls))
keM.

7 2: 3 Waesex(p  u(R)E + ukIuls) + w(t)e + pult)u(s)
ki E \L: A e Xelp™ E)x (n(f) (€ + puls))),
i elu(l)) =1\
If the last equality holds, then, ~**'*' N=1
k — @ I — 5 . .
It or , then, it is clear that

Xi(u(l)) = x(u(k)u(l)) = x(°) =V,

because (I, j) is selected arbitrarily. From Eq.(11) and
Eq.(12), it is concluded that all components of the matrices

HiE) A(pTEE(E)
and are equal.

Corollary : Given above proposition, we have:

H(§H() = E* (A (p ") A(p ) E(S),

Because E(@ iS a unitary matrix, so the matrices

HY(OHE) s A" (p " OA(pE)
are similar.
Definition 5.6 Suppose that A(E) 5 A(E) are the
maximum and minimum members of the set of all
eigenvalues of the positive definite matrix of
* £ L
H*(E)H (L) , in this case, put

A =sup: A(§) 5 A = infe A(E) |

Lemma: Almost everywhere for £ € D, we have:

MSH(©HE <AL

Proof. Because H (E)H(f) is a positive definite matrix
€ k,so, ° <AS A< g thereisa

unitary like U({) that
U () H* () H(U(€) = C(€),

for every

matrix

cE .. | o
where is a diagonal matrix and on its main
H*(&)H
diagonal there are eigenvalues of a matrix © (5),
C(g) — Al

so, given A, it is clear that is a positive
definite matrix, so by definition of a positive matrix, we
have

A < C(§),
<O,
And given the similarity of the

C€) s H*(§)H(E)

, it is concluded that Eq. (14) is
equivalent to following equation:

A < H*(§)H(S),

matrices

Also, similarly, it can be shown
H*(€)H(€) < AL
that
EeD

So, almost everywhere, for

M < H'(§)H(£) < AL
(15)
Note:  Considering the  similarity of  the
fane AT EIAE) s HYEH(E) s ;
matrices , itis concluded that Eq. (15) is
equivalent to following equation:
M < A*(£)A(E) < AL

|
almost everywhere for "> €D

g = LY (k
Now for every v = ()

N . g=\ N
Yy .J:L':I_I:l' = :)_:2: 3 g vl — ulk))"

a="
.\.X 35S {r.r. @l
a=e =) k=N, a=e =Y kN

R . .
AN |9 wil. J.Ij.-l:f}| .

we have:

(16)
iIGS
Where ! is defined in (10). Given Eq. (10), we have:
EZ \/_: |{r.‘. el — HI.‘-']]:} ’ = I\/;:\\/_\: }_: |{a. r,l‘.' @il x— p~ ulk) —uls)|”

-1 N
NN gt el o — ul .
=\L¢\L¢\L. [t g7l @ — ulghk + s))|
smo fmy EEN.

N

LL g a¥enlp™ " —ul(k))}],

ImY kN

So, Eq.(16) can be written as follows:
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=\ N

\Z Z |-::.q.-';:,:||.u You(k))[ T‘Z Z g, (. — u(k)))|"
Im Y kel s=+ Im\ keN
< \ZZ (g, g%~ = (k)|
=y keN. (17)
Above contents can be summarized in following theorem
known as the separation lemma for frames:
Theorem: (separation lemma for frames) Suppose

o < 8 < g— 1\ Y < < N) Wy
that '* =1 =i= N and A A are

L (b
defined as above, then for every” =L e have:

\ZY‘ lg.qTeulp™. — (k)| ZZT‘ [, w0 (. = u(k))y|"

I=Y kel wma =) keN

.
<A Hoqtalo . —uk))".

1=\ keN,

Now, we use the lemma of separation for function
{L'i“: V<1< N}
where

S=7=17" 50, we have:

gV N

N
,\Z Z -::r;_q" wi(p~ . — (k)" < ZZ Z (g, 07" ( = u(k)))|"

< _\i S Hgear (o — ulk))"
1=\ keN (17)
(eZr<qg—N)ym. .
Where is defined as follows:
() }__; \_: ittt (o Y — ulk)), ] V<t s N, (18)
And i k€ N;} el"(N.)
< 8§ < qg—
Wlth Eq. (17) on =5=>9 \ , we have:
\S_ l_ Bt el — uik " _)_:"\_'}‘_}X G 0 = DT
55) %>
o (19)

Given Eq. (16), we have:
AT z\: z e, g% @r(p™™- = u(k))|" < :Z z i Z (g, 4" ( — u(k)))"

< AT Z Z :I:Irj.r,l:r‘.-lflrl T u(k))"

1=\ keN (20)
Now we define wavelet frame packets with the similar
method of wavelet packets.

{1'9\1{1971"':{101\"'
Definition: Considering the functions ,
and use the lemma of separation for space

.H;NJ’J‘?{({%-.,_';["J_‘. —u(k)):V<I< N ke N},

we obtain the functions {¥i:)<=I{<N,e<s<qg—-V}

see Eq.(16). Now, for any integer, we recursively define

’TL “-‘;n‘
VSIS N e < (n= ) n e follows:

T
Definition: Suppose that there are functions Y for

r e N,

V<1< N o<
and ' =" =" Then for °=<=¢- " and
Yol N .
- — ', we define:
g L Hiag (0. — (k).

(21)

v :n> e, V<1< N} . .
The set of functions defined above

is called wavelet frame packets(Framelet).

Lemma: For “'and ¥ defined above, we have following
mequallty

)\'Z Z [{g, qtedp. u(k))|" < ""z i Z [ (g s (. = u(k))]"

I=Y kel n=e =Y keN

N
<A Haatale™ —uk))"

I=\ kEN.

Proof. By comparing the Eq.(21) and Eq.(18), we have:

{fy e Zrs<g=\}={" " e < r.s<qg=\}
={yf':o<n<q -}

So Eq.(20) can be written as follows:

N =\ N
AN Hmatale T - ulk)" < JZ 200 la vt —utk))”

< AT i Z -:f_r;.q;,:,--!lu Y —u(k)))|".
=1 keN (22)
With the use of induction on J < N and given Eq.(16),

foIIowmg inequity can be easily solved:

=1 N
\’L S Haatale™ = u®NT < DTS o (- ulk)”
1=\ ken. m=s =\ keN.
N
SN S g gtalp — ulk)["
=1 keN.

@
3)

Theorem: (i1 > °,\ <1< N}

with the bounds of ' and MOy

] {ol. —ulk)): V<1<
Proof: since

. TVF.
is a frame for 7

N keM.}
is a frame for

Y with the frame bounds C1 and C2, then for
N
Chylagll™ < {g,21(. — u(k) I¥ < Cyllgll”, R
Cyllg ;AZ 7, P (%)) Crllg geV.
every , by
s . ¢ . x=piz
multiplying above equation by * and putting , We
have:
g | < X 2: (g9 oelp~ e — u(k)))|" < Crllgs. ||"
;. (x) = qtg(p~x) . .
where and given the proposition
g |I" = llg]l"
ke ”_{’” , therefore
Al <3S Hoat@le e — u(k)|™ < Crllall™
ILL (24)
According to above equation and

gtolp ™. —ulk)): Y <SI< N EeM.JCV, . .
el : } , it is concluded that

{a¥@(p™. —ulk)): \ <1< N,k e M.}

is a frame for "7 with
the bounds of C1 and C2, now, according to Eq.(23) and

Eq.(24), we have:
o\ N

MO al™ < 37573 Haow (- ulk))” < MCxlg]".
nme [my kEN
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c V: - > <] < N
For every = "7, so, {Yp :n >0,V <1< N}

4]. .] -y / o
for V7 with the bounds of ¥ and ~'¢7 .

is a frame
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