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Abstract: 
It is proved that the Diophantine 𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞 , set of  positive 
integer number with the property that the product of any two of 
them plus 9 is a perfect square, than generalization of the result 
is obtained. 
 Keywords: 
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1. Introduction 

Since the Greek Mathematician Diophantus of Alexandria 
studied the problem of Find four (positive rational) 
numbers such that the multiplication of any two of them 
adding by 1 is a perfect square He obtained solution 
� 1
16

, 33
16

, 17
16

, 105
16
� [1],[2] However The first Diophantine 

quadruple 𝐷𝐷(1) have been founded by Fermat {1, 3, 8, 
12}[3],like such that the multiplication of any two 
members and increased with  𝑛𝑛 ,whereas 𝑛𝑛 ∈ Z − {0} , as 
becomes result of perfect square, It was proved in 1969 by 
two mathematicians Baker and Davenport [5] that a fifth 
positive integer could be not be added to this set. However, 
Euler became capable in order to extend this set by adding 
the rational number 777480

8288641
,[6]. The question of presence 

of (integer) Diophantine quintuples was one of the oldest 
outstanding unsolved issue problems in the field of the 
Number Theory, in 2004 Andrej Dujella proved that most 
of or grate number of finite number of Diophantine 
quintuples exist. In 2016 the problem was finally resolved 
by He, Togbé and Ziegler.  
Let us now consider the more general problem 
.Let 𝑛𝑛 be an integer. A set of positive integers 
{𝑝𝑝1, 𝑝𝑝2 𝑝𝑝3, …  𝑝𝑝𝑚𝑚} is said to have the property of 
Diophantus of order n, symbolically𝐷𝐷(𝑛𝑛), if the product 
of its any 2 distinct elements adding by 𝑛𝑛  is a perfect 
square. Such a set is called a Diophantine 𝑚𝑚-tuple.[4],[10-
16] 

2. Results and Discussions 

In this paper we constructed a new 𝐷𝐷(9) property. That 
satisfying Diophantine Quadruple   i-e the product of any 
two numbers from the set of four positive integers and 
increased by 9 is equal to perfect square 
Now By using the above polynomial formula for integers 
{𝑝𝑝, 𝑞𝑞, 𝑟𝑟, 𝑠𝑠}  then we can find infinite set of Diophantine 
Quadruples with 𝐷𝐷(9) property. 
 

{𝑛𝑛, 4𝑛𝑛 + 12, 9𝑛𝑛 + 18, 16𝑛𝑛3 + 80𝑛𝑛2 + 124𝑛𝑛
+ 60}                                           (1) 

 
{𝑝𝑝, 4𝑝𝑝 + 12, 9𝑝𝑝

+ 18,
8𝑝𝑝 + 20�(𝑝𝑝𝑝𝑝 + 9)  �(𝑝𝑝𝑝𝑝 + 9)

3
        (2) 

 
Now proof 

Table 1: Perfect Square 
P q r s 
1 16 27 280 
2 20 36 756 
3 24 45 1584 
4 28 54 2860 
5 32 63 4680 
6 36 72 7140 

 
With the property 𝐷𝐷(9)  Now in the above Diophantine 
Quadruples � 𝑝𝑝1,𝑝𝑝2,𝑝𝑝3,𝑝𝑝4 �, �𝑞𝑞1,𝑞𝑞2,𝑞𝑞3,𝑞𝑞4 � and {𝑟𝑟1,𝑟𝑟2,𝑟𝑟3,𝑟𝑟4 } 
In the arithmetic progression further development while 
 

𝑝𝑝 = 1,2,3 … .. 
𝑝𝑝 = 1, 𝑠𝑠 = 2 − 1 = 1 
𝑝𝑝𝑛𝑛 = 𝑝𝑝 + (𝑛𝑛 − 1)𝑠𝑠 
𝑝𝑝𝑛𝑛 = 1 + (𝑛𝑛 − 1)1 

     𝑝𝑝𝑛𝑛 = 1 + 𝑛𝑛 − 1                pn = n,∀nZ+ 
 
Likewise 

𝑞𝑞 = 16, 20, 24, …. 
𝑝𝑝 = 16, 𝑠𝑠 = 20 − 16 = 4 
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𝑞𝑞𝑛𝑛 = 𝑎𝑎 + (𝑛𝑛 − 1)𝑠𝑠 
𝑞𝑞𝑛𝑛 = 16 + (𝑛𝑛 − 1)4 
𝑞𝑞𝑛𝑛 = 16 + 4𝑛𝑛 − 4 

     𝑞𝑞𝑛𝑛 = 4𝑛𝑛 + 12                𝑞𝑞𝑛𝑛 = 𝑛𝑛,∀𝑛𝑛𝑍𝑍+ 
 
Similarly 

𝑟𝑟 = 27, 36, 45, …. 
𝑝𝑝 = 27 , 𝑠𝑠 = 36 − 27 = 9 

𝑟𝑟𝑛𝑛 = 𝑝𝑝 + (𝑛𝑛 − 1)𝑠𝑠 
𝑟𝑟𝑛𝑛 = 27 + (𝑛𝑛 − 1)9 
𝑟𝑟𝑛𝑛 = 27 + 9𝑛𝑛 − 9 

    𝑟𝑟𝑛𝑛 = 9𝑛𝑛 + 18            rn = n,∀nZ+ 
 

As there is no any common difference between 
 

 {𝑠𝑠1, 𝑠𝑠2, 𝑠𝑠3, , 𝑠𝑠4, 𝑠𝑠5, 𝑠𝑠6, 𝑠𝑠7, 𝑠𝑠8, 𝑠𝑠9, 𝑠𝑠10}
= {280,2016,7216,18760,40392,76720,133216,216 

216,332920,491332} 
 
Then to generalize the 𝑑𝑑 we find the common difference 
between  
 

{280,2016,7216,18760,40392, 76720,133216, 
216216,332920,491332} 

{𝑠𝑠1, 𝑠𝑠2, 𝑠𝑠3, , 𝑠𝑠4, 𝑠𝑠5, 𝑠𝑠6, 𝑠𝑠7, 𝑠𝑠8, 𝑠𝑠9, 𝑠𝑠10} = 

Table 2: Differences 
280 1736 3464 2880 864 
2016 5200 6344 3744 864 
7216 11544 10088 4608 864 

18760 21632 14696 5472 864 
40392 36328 20168 6336 864 
76720 56496 26504 7200 864 

133216 83000 33704 8064  
216216 116704 41768   
332920 158472    
491392     

 
Since the typical distinction is actually 864, right now all 
of us uses the actual cubic series or even third level  
polynomial 𝑎𝑎𝑛𝑛3 + 𝑏𝑏𝑛𝑛2 + 𝑐𝑐 + 𝑑𝑑 to simplify the 𝑠𝑠 
 

𝑎𝑎𝑛𝑛3 + 𝑏𝑏𝑛𝑛2 + +𝑑𝑑                         (𝑖𝑖) 
 
By putting 𝑛𝑛 = 1 in equation (𝑖𝑖) we get 
 

𝑎𝑎 + 𝑏𝑏 + 𝑐𝑐+= 280                    (𝑗𝑗) 
 
By putting 𝑛𝑛 = 2 in eq:  (𝑖𝑖) we get  
 

8𝑎𝑎 + 4𝑏𝑏 + 2𝑐𝑐+= 756                 (𝑘𝑘)        
 
By putting 𝑛𝑛 = 3 in eq:  (𝑖𝑖) we get 
 

27a + 9b + 3c+= 1584            (l)    
 
By putting 𝑛𝑛 = 4 in eq:  (𝑖𝑖) we get 

 
64𝑎𝑎 + 16𝑏𝑏 + 4𝑐𝑐+= 2860         (𝑚𝑚)    

 
Subtracting equation (𝑘𝑘) from (𝑗𝑗) , (𝑙𝑙) from (𝑘𝑘)  and (𝑚𝑚) 
from (𝑙𝑙) we get equation (𝑛𝑛), (𝑜𝑜) and (𝑝𝑝) 
 

7𝑎𝑎 + 3𝑏𝑏 + 𝑐𝑐 = 476                        (𝑛𝑛) 
 

19𝑎𝑎 + 5𝑏𝑏 + 𝑐𝑐 = 228                      (𝑜𝑜) 
 

37𝑎𝑎 + 7𝑏𝑏 + 𝑐𝑐 = 1276                (𝑝𝑝) 
 
Again subtracting equation (𝑜𝑜) 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 (𝑛𝑛)  and (𝑝𝑝)  from 
(𝑜𝑜)  we get 
 

12𝑎𝑎 + 2𝑏𝑏 = 352                           (𝑞𝑞) 
 

18𝑎𝑎 + 2𝑏𝑏 = 448                          (𝑟𝑟) 
 
Again subtracting equation (𝑞𝑞) 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝑒𝑒𝑒𝑒. (𝑟𝑟)  we get 
 
𝒂𝒂 = 𝟏𝟏𝟏𝟏 
 
By substituting   𝑎𝑎 = 16  𝑖𝑖𝑖𝑖 𝑒𝑒𝑒𝑒.  (𝑟𝑟)  we get   
 
𝒃𝒃 = 𝟖𝟖𝟖𝟖 
 
By substituting    𝑎𝑎 = 16  𝑎𝑎𝑎𝑎𝑎𝑎 𝑏𝑏 =
80 𝑖𝑖𝑖𝑖 𝑒𝑒𝑒𝑒: (𝑝𝑝) 𝑡𝑡ℎ𝑒𝑒𝑒𝑒 𝑤𝑤𝑤𝑤 get  
 
𝐜𝐜 = 𝟏𝟏𝟏𝟏𝟏𝟏 
 
By substituting    𝑎𝑎 = 16 , 𝑏𝑏 = 80 𝑎𝑎𝑎𝑎𝑎𝑎 𝑐𝑐 =
124 𝑖𝑖𝑖𝑖 𝑒𝑒𝑒𝑒: (𝑚𝑚) 𝑡𝑡ℎ𝑒𝑒𝑒𝑒 𝑤𝑤𝑤𝑤 get 
 
𝒅𝒅 = 𝟔𝟔𝟔𝟔 
 
By substituting    𝑎𝑎 = 16  , 𝑏𝑏 = 80 , 𝑐𝑐 = 124 𝑎𝑎𝑎𝑎𝑎𝑎 𝑑𝑑 =
60 𝑖𝑖𝑖𝑖 𝑒𝑒𝑒𝑒: (𝑖𝑖)  
𝑡𝑡ℎ𝑒𝑒𝑒𝑒 𝑤𝑤𝑤𝑤 get 
 

𝑠𝑠 = 16𝑛𝑛3 + 80𝑛𝑛2 + 124𝑛𝑛 + 60 
 
We have generalized the integers 𝑝𝑝, 𝑞𝑞, 𝑟𝑟 𝑎𝑎𝑎𝑎𝑎𝑎  𝑠𝑠 such as  
 

p = n,∀n ∈ Z+ 
𝑞𝑞 = 4𝑛𝑛 + 12 
𝑟𝑟 = 9𝑛𝑛 + 18 

𝑠𝑠 = 16𝑛𝑛3 + 80𝑛𝑛2 + 124𝑛𝑛 + 60 
 
Now 3 is multiply and divide in (s) 
 

𝑠𝑠 =
3(16𝑝𝑝3 + 80𝑝𝑝2 + 124𝑝𝑝 + 60)

3
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𝑠𝑠 =
48𝑝𝑝3 + 240𝑝𝑝2 + 372𝑝𝑝 + 180

3
 

𝑠𝑠 =
16𝑝𝑝2 + 64𝑝𝑝 + 60(3𝑝𝑝 + 3)

3
 

𝑠𝑠 =
16𝑝𝑝2 + 24𝑝𝑝 + 40𝑝𝑝 + 60(3𝑝𝑝 + 3)

3
 

𝑠𝑠 =
8𝑝𝑝 + 20(2𝑝𝑝 + 3)(3𝑝𝑝 + 3)

3
 

𝑠𝑠 =
8𝑝𝑝 + 20�(2𝑝𝑝 + 3)2(3𝑝𝑝 + 3)2

3
 

𝑠𝑠 =
8𝑎𝑎 + 20�(4𝑝𝑝2 + 12𝑝𝑝 + 9)(9𝑝𝑝2 + 18𝑝𝑝 + 9)

3
 

𝑠𝑠 = 
8𝑝𝑝 + 20�(𝑝𝑝(4𝑝𝑝 + 12) + 9  �(𝑝𝑝(9𝑝𝑝 + 18) + 9

3
 

 
Now 𝑏𝑏𝑏𝑏 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑡𝑡ℎ𝑒𝑒 𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 𝑞𝑞 = 4𝑝𝑝 + 12 𝑎𝑎𝑎𝑎𝑎𝑎 𝑟𝑟 = 9𝑝𝑝 +
18   
 

𝑤𝑤𝑤𝑤 𝑔𝑔𝑔𝑔𝑔𝑔 𝑡𝑡ℎ𝑒𝑒 𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 𝑜𝑜𝑜𝑜 𝑠𝑠 

𝑠𝑠 =
8𝑝𝑝 + 20�(𝑝𝑝𝑝𝑝 + 9)  �(𝑝𝑝𝑝𝑝 + 9)

3
 

Now By using the above polynomial formula for integers 
{𝑝𝑝, 𝑞𝑞, 𝑟𝑟, 𝑠𝑠}  then we can find infinite set of Diophantine 
Quadruples with 𝐷𝐷(9) property. 

3. Main theorm 

{𝑛𝑛, 4𝑛𝑛 + 12, 9𝑛𝑛 + 18, 16𝑛𝑛3 + 80𝑛𝑛2 + 124𝑛𝑛
+ 60}                  (𝑥𝑥) 

 
{𝑝𝑝, 4𝑝𝑝 + 12, 9𝑝𝑝

+ 18,
8𝑝𝑝 + 20�(𝑝𝑝𝑝𝑝 + 9)  �(𝑝𝑝𝑝𝑝 + 9)

3
      (𝑦𝑦) 

 
However  We can say that over each set (x) as well as (y) 
tend to be direct generalization along with 𝐷𝐷(9) property, 
much more all of us may additional talk about within 
present research which how to locate the actual 
generalized models systematically along with 𝐷𝐷(9) 
property, also shown table 3 
𝑤𝑤ℎ𝑒𝑒𝑒𝑒𝑒𝑒 𝑝𝑝 = 1,2,3, … … 
 

Table 3: Generalized sets systematically with D(9) property 
𝒑𝒑 𝒒𝒒 𝒓𝒓 S �𝒑𝒑𝒑𝒑 + 𝟗𝟗 �𝒑𝒑𝒑𝒑+ 𝟗𝟗 �𝒑𝒑𝒑𝒑+ 𝟗𝟗 �𝒒𝒒𝒒𝒒 + 𝟗𝟗 �𝒒𝒒𝒒𝒒 + 𝟗𝟗 √𝒓𝒓𝒓𝒓 + 𝟗𝟗 
1 16 27 280 5 6 17 21 67 87 
2 20 36 756 7 9 39 27 123 165 
3 24 45 1584 9 12 69 33 195 267 
4 28 54 2860 11 15 107 39 283 393 
5 32 63 4680 13 18 153 45 387 543 
6 36 72 7140 15 21 207 51 507 717 
7 40 81 10336 17 24 269 57 643 915 
8 44 90 14364 19 27 339 63 795 1137 
9 48 99 19320 21 30 417 69 963 1383 

10 52 108 25300 23 33 503 75 1147 1653 

4. Conclusion 

The generalized Diophantine Quadruple with 𝐷𝐷(9) 
property, the Diophantine Quadruple with 𝐷𝐷(9) properties 
have been successfully proved with a few formulas 
some polynomial formulas for the positive integers {p, q, r, 
s } by an arithmetic progression are to be generalized ,it is 
concluded that there are an infinite Diophantine quadruple 
𝐷𝐷(9) property , also some systematically generalized sets 
are to be found with the valuable features aforementioned, 
and expect that our  
Diophantine Quadruple ,With  𝐷𝐷(9)   properties will be 
useful for applications in areas such Cryptography. 
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