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Abstract:
The original problem of quadruple was studied by the Since the

Greek  mathematician  Diophantus of  Alexandria =

16
g ,17‘7 and% was the first set of quadruples found in 37¢

century (b.c) in which having any product of two terms
increasing the set increased by 1 is a perfect square. Later Fermat
obtained a set from integers as {1,3,8,120}, later davenport and
baker both to generalize the fourth member of the set is, {1,3,8,
d}. Here in this work we will present a more generalized version
of Diophantine quadruple, {p, g, r, s}, where any two of the
product increased by n result will be a perfect square, i.e. pq +
n = x? and, It is proved that the Diophantine quadruple , set of
positive and negative integer number with the property that the
product of any two of them plus n is a perfect square, than
generalization of the result is obtained.
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1. Introduction

The original problem of quadruple was studied by the

Since the Greek mathematician Diophantus of Alexandria
11—6, E ,% and% was the first set of quadruples found in
374 century (b. c)[1] in which the product of any two term
has been increased by 1 having a perfect square
L3 U 1% yith satisfying [2] Further
16 16 4 16

Diophantine found to be set of Diophantine Quadruple on
positive integer {1,33, 68,105} by the D(256) property.
As like the product of the two distinct numbers increased
by 256 is perfect square.

The French Mathematician Piere De Fermat (After that in
17th century) (1601-1665) found the {1, 3, 8, 120} first set
of Diophantine Quadruples on positive integers With
satisfying the D(1) property [3,5]

During the 18th century Euler give the General formula of
Fermeat’s set for Diophantine Quadruple {1, 3,8,120},
{a,b, a+ b+ 2x, 4x(a + x)(b + x)}

In 1996 Andrej Dujella Generalized the Fermat’s set
{1,3,8,120}

a=nVvnezZt , b=n+2 , c=4(n+1) , d=
4n+1)(2n+1)
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Euler Shown that the rational Diophantine triple is
extendable into a rational Diophantine Quintuple. Euler
introduced the first set of Diophantine Quintuple by

. . 777480 . y
adding the rational number in the Fermat’s
8288641

Diophantine Quadruple {1,3,8,120}, the increased set of

Euler’s rational Diophantine Quintuple is
777480 .
{1, 3,8,120, 8288641} with same poperty D(1)[4,6]

Davenport and Baker (In 1969) [21], showing in adding
for that arrangement {1, 3, 8, 1203}, there isn't any any kind
of 5th integer that retains exactly the identical property
D (1) that attract the Fermat’s Diophantine Quadruple into
Diophantine Quintuple.
Within Nineteenth hundred seventy nine it had been
demonstrated that each three — tumle {a,b,c} having
increasable keen on four—tumple {a,b,c,d} by Arkin,
Strauss and Hoggattt [17] . These people demonstrated
when is really a Diophantine multiple, after that it may be
prolonged if by take
d=a+b+c+ 2abc + 2rst. Wherever, ab +1 =1r?
ac+1=s%

bc+ 1 =t? [23]

Diophantine quintuple of Euler’s set
{1,3,8,120, 872787:68401} remained later on generalized from

the Hoggatt. Arkin, and Strauss [17].

The extended Diophantine quintuple is
{ 1 33 H 105 549120

o Te' 3’ 16’ 10701 } with D (1) property [19]

It was further more demonstrated simply by Dujella and
also Peth”o inside 1998 a pair {1, 3} can prolong directly
into four-Tuple {1, 3, 8, 120} through integers 8 as well as
120 this is not able to lengthen this right into a
Diophantine quintuple through any kind of integers
[18,22]. Within 2004 Andrej Dujella demonstrated which
for the most part the finite number of Diophantine
quintuples can be found [4,7,8]. Within 2016 the issue had
been lastly solved through Bo He, Volker Ziegler as well
as Alain Togbé [9]. Fermat’s Diophantine Four-tuple {1, 3,
8, 120} is actually increase able just through rational
number. However, it is not able to lengthen through any
kind of integers [10]
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Within Nineteenth hundred ninety-nine Gibbs was given
first time a set of Six-tuple about the positive rational

numbers.

11 35 155 512 1235 180873 .
(5 o o 3 moThes ) Having the
similar property D (1) Except this and later on Gibbs given

different set of six-tuples as like in this reference [20 ].

2. diophantine m — tuple

A set of positive integers like as {a;,a,, as, ... a,}
remains to be the property D(n),n € Z— {0}, that
product of any two element increased by n (a;a; +

n)which becomes perfect square for all Isi<j=m

where is to considered Diophantine m-tuples by property
D(n)for any arbitrary integer n and also for any linear
polynomials in n. Further, numerous authors considered
the links of the problem of Diophantus. In this context,
one may refer [11-16],

3. Results and Discussions

In this work, we have found four positive and negative
integer numbers{p, q,r, s} such that product of any two
numbers adding with n becomes a perfect square
The set of positive integers

{1,k? — 4k — 4,k? — 2k + 1,4k? — 12k —
7} D
With the D(8k + 8) property.
{1,k? + 4k — 4,k* + 6k + 9,4k* + 20k + 9} (2)
With the D (8k + 40) property
Now We resolve deal with the like idea, let {p, q} be an
arbitrary pair with the property

pq+tn=x*  (3)
It is easy cheek that the set
{p,q,p + q + 2x} also has the property D(n), really
p@+q+2x)=n=(p+x)*
q(p +q+2x) +n = (q+x)?
Applying this creation to the Diophantine pair {q,p + q +
2x} we get the set
{q,p + q+ 2x, p + 4q + 4x}, hence, the set
{p.a.p+q+2x,p+4q+4x} (4)
Has the property D(n) if the product of its first and fourth
element increased by n is a perfect square i.e. if holds
p(p +4q+4x)+n=x* (5
Now putting the value of n = 2k in the equation (3) then
we obtain,
pq + 2k =x*  (6)
We will try to solve this equation using as less as possible

restrictions on number n we have
p?+4(x*—2k) +4px+n=y% and (p+ 2x—y)(p +
2x +) = 6k

Let us consider two following cases

Q) p+2x—y=6

p+2x+y=Kk
From this k = 2p+4x—6, then2k =4p +8x — 12,
and from the value of 2k from in (3) it follow : p(q +
2)= x=2)(x—-6),
now Putting x = pk + 2 We get
q as = pk? — 4k — 4, 2k = 4p(1 + 2k) + 4 hence , we
get the set
, {p, pk? — 4k — 4, q(1 + k)? — 4k, q(1 + 2k)? —
16k — 8} (7)
having the D(4p(1 + 2k) + 4 ) property
Now put the value of p = 1 in(7)
{1,k? — 4k — 4,k? — 2k + 1,4k* — 12k —
7} ®)
With the D(8k + 8) property.
Similar now by putting x = pk + 6, We obtain the value
of tas
q = pk? + 4k — 4 and 2k = 4p(1 + 2k) + 36 hence, we
get the set
{p, pk? +4k —4, q(1 +k)*> + 4k + 8, q(1 + 2k)* +
16k + 8} 9)
With the D(4p(1 + 2k) + 36) property
Has the property D(4p(1+ 2k) +36) Now Put p =
1in(9)
{1,k? + 4k — 4,k? + 6k + 9,4k? + 20k + 9} (10)
With the D(8k + 40) property

3.1 Theorm 1

{m, mk? — 4k — 4, m(1 + k)? — 4k, m(1 + 2k)? — 16k
-8}

has the property D(4m(1 + 2k) + 4 ) and the set
{m,mk? + 4k — 4,m(1 + k)? + 4k + 8, m(1 + 2k)? +
16k + 8}
has the property D(4m(1 + 2k) + 36) and the set

The similar idea can be applied to the set

bar+q+2x,p+q—-2x} (11)
This set has the property D(n) if and only if the product
of its third and fourth element increased by n is a perfect
square

(P+q+2x)(p+q—2x)+n=y?

Hence, 6k=(@—-q—y)(p—q+y), again we are
successful to discuss two cases
2

p—q—y=6

p—q+y=k

From this, k = 2q — 2s — 6, Then

2k = 4q —4p — 12 and from (3) it follow,
P+HD@-4=x+2)(x-2) :
(p +4)k + 2 , we get the value of q,as
q =pk*+4(k?*+k+1), and

2k = 4p(k? — 1) + (4k + 2)?

Then, we have set

Putting x =
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{p.pk* +4(k*+k+1),p(1 +k)* + (k + 2)(4k +
4),p(1 —k)? +4k(k -1} (12)

having the D (4p(k? — 1)(4k + 2)%.property

by putting the value p = 1ineq (12)

{1,5k? + 4k + 4,5k? + 14k + 9,5k — 6k + 1} (13)
with the D(20k? + 16) property

3.2 Theorm 2

{m,mk?+4k?>+k+1),m(1+k)?+ (k+2)(4k +
4),m(1 — k)? + 4k(k — 1)}
has the property D (4m(k? — 1)(4k + 2)? and the set

4 Conclusion

The generalized Diophantine Quadruple with D(n)
property, the Diophantine Quadruple with D(n) properties
have been successfully proved with a few formulas some
polynomial formulas for the positive integers {p, q, r, s }
by an arithmetic progression are to be generalized it is
concluded that there are an infinite Diophantine quadruple
D(n) property , also some systematically generalized sets
are to be found with the valuable features aforementioned,
and expect that our Diophantine Quadruple ,With D(n)
properties will be useful for applications in areas such

Cryptography.

References

[1] Diophantus of Alexandria. Arithmetics and the Book of
Polygonal Numbers. (. G. Bashmakova, Ed.) (Nauka,
1974) (in Russian), pp. 103-104, 232

[2] Britton J. Novikov PS. NérazréSmost'
problémysoprazénnosti \Y tériigrupp.
IzvéstiaAkadémiiNauk SSSR, Séria mat., vol. 18, pp. 485-
524.1958.

[3] Kedlaya K. Solving constrained Pell equations.
Mathematics of Computation of the American Mathematical
Society, 1998,67(222): 833-842

[4] Dujella A. There are only finitely many Diophantine
quintuples. Journal fur die Reineund Angewandte
Mathematik, 2004: 183-214.

[5] L. E. Dickson. History of the Theory of Numbers, Vol. 2.
(Chelsea, 1966),513-520.

[6] Euler L. Nova subsidia pro resolutione formulae axx+ 1=yy.

Opuscula analytica, 1783,1: 310-328.

[7] Franusi¢ Z. Diophantine quadruples in quadratic fields:
Prirodoslovno matematicki fakultet, Sveuciliste u Zagrebu,
2005.

[8] Platt DJ, Trudgian TS. Diophantine quintuples containing
triples of the first kind. Periodica Mathematica Hungarica,
2016,72(2): 235-242

[9] He B, Togbé A, Ziegler V. There is no Diophantine
quintuple. arXiv preprint arXiv:161004020, 2016.

[10] Brown E. Sets in which [J]. Mathematics of Computation,
1985,45(172): 613-620.

[11] Muriefah FA, Al-Rashed A. Some Diophantine quadruples
in the ring Z [N~ 2]. Math Commun, 2004,9: 1-8.

[12] Assaf E, Gueron S. Characterization of regular Diophantine
quadruples. Elementeder Mathematik, 2001,56(2): 71-81.

[13] Bashmakova I. Diophantus of Alexandria, Arithmetics and
the Book of Polygonal Numbers. Nauka, Moscow. 1974.

[14] Dujella A. Some polynomial formulas for Diophantine
quadruples. Grazer Mathematische Berichte, 1996,328: 25-
30.

[15] Dujella A. Some estimates of the number of Diophantine
quadruples. Publ Math Debrecen, 1998,53: 177-189.

[16] Franusi¢ Z. Diophantine quadruples in the ring Z [\/E]
Mathematical Communications, 2004,9(2): 141-148.

[17] J. Arkin, V. E. Hoggatt and E. G. Strauss, On Euler's
solution of a problem of Diophantus, Fibonacci Quart. 17
(1979), 333-339

[18] A. Dujella, A problem of Diophantus and Dickson's
conjecture, Number Theory, Diophantine, Computational
and Algebraic Aspects (K. Gyory, A. Petho, V. T. Sos, eds.),
Walter de Gruyter, Berlin, 1998, pp. 147-156.

[19] A. Dujella, On Diophantine quintuples, Acta Arith. 81
(1997), 69-79

[20] P. Gibbs, Some rational Diophantine sextuples, Glas. Mat.
Ser. 111 41 (2006), 195-203

[21] A. Baker, H. Davenport, The equations 3x2 —2 = y2 and
8x2 —7 = 22, Quart. J. Math. Oxford Ser. (2) 20 (1969) 129-
137

[22] A. Dujella, A. Petho”, A generalization of a theorem of
Baker and Davenport, Quart. J. Math. Oxford Ser. (2) 49
(1998) 291-306

[23] Yu.M. Aleksentsev, The Hilbert polynomial and linear
forms in the logarithms of algebraic numbers, lzv. Math.
72(6) (2008) 1063-1110.



