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Abstract

The locating chromatic number of a graph is the minimal color
required so that it qualifies for some locating coloring. This paper
will discuss about the locating chromatic number for the
subdivision of barbell graph containing Petersen Graph.

Key words:

locating chromatic number, barbell graph, subdivision, Petersen
graph.

1. Introduction

The locating chromatic number of a graph was firstly
studied by Chartrand et al. [1] as some development of the
concept of partition dimension[2] and graph coloring.
Consider G =(V,E) as the given connected graph and ¢

as the proper coloring of G using k colors 1,2,...,K for
some positive integer k. We denote I1={C,,C,,...,C, } as
the partition of V (G), where C; is the color class, i.e the

set of vertices given the i-th color, fori e[l,k] . For an

arbitrary vertex v e V(G), the color code C; (V) is defined

as the ordered K -tuple
CTL’(v) = (d(v! Cl)! d(v! CZ)I ey d(vl Ck))l

where d(v,C)=min{d(v,x)|xeC} for ie[Lk]. If

for every two vertices u,ve V(G), their color codes are
different, c;(u) # c,(v), then c is defined as the locating
coloring of G using k colors. The locating chromatic
number of G, denoted by y, (G), is the minimum k such that
G has some locating coloring.

There were some interesting results related to the
determination of the locating chromatic number of some
graphs. The results were obtained by focusing on some
certain classes of graph. Chartrand et al. [3] has succeeded
in constructing tree on n vertices, n = 5 with locating
chromatic numbers varying from 3 to n, except for (n — 1).
Moreover, Asmiati et al. [4] determined the locating
chromatic number of homogeneous amalgamation of stars
and their monotonicity properties. Recently, Behtoei and
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Omoomi [5] have obtained the locating chromatic number
of the Kneser graph. Asmiati et al. [6] determined the
locating chromatic number of Petersen graph and Syofyan
et al. [7] trees with certain locating chromatic number.

The barbell graph is constructed by connecting two
arbitrary connected graphs G and H by a bridge. Let
Bp, for n> 3, be the barbell graph where G and H are two
copies of generalized Petersen graphs P, ;. The following
definition of generalized Petersen graph is taken from [8].
Let {uy, u,, ..., u,} be the set of vertices in the outer cycle
and {v,, v,, ..., v, } be the set of vertices in the inner cycle
of the Petersen graph, for n > 3. Denote the generalized
Petersen graph byP, ,. From the definition, it is clear that
forn>3and 1 < k < [n — 1)/2], the generalized Petersen
graph has 2n vertices and 3n edges.

In [9], the locating chromatic number of the barbell graph
containing two copies of generalized Petersen graphs P,, ;
has been obtained in the following theorem.

Theorem 1.1 [9] For n = 3, the locating chromatic number
of barbell graph Bp, ,is 4 for odd n and 5 otherwise.

This paper will determine the locating chromatic of some
graph constructed by subdividing the bridge of the barbell
that contains the generalized Petersen graph, denoted by
Bp, .- This problem is inspired by the results of research
Purwasih et. al [10] about the locating chromatic number
for a subdivision of a graph on one edge.

2. Results and Discussion

In the following theorem, it is discussed about the locating
chromatic number for subdivision of some barbell graph

containing Petersen graph, denoted byB;fl‘l.

2.1 Theorem

Let B,’;fL1 be a subdivision of barbell graph containing

Petersen Graph for s > 1. Then the locating chromatic
number of Bp’ is 4 for odd n,n = 3 or 5 for n even,n >

4,
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o i , for 2"¥component, i < %
Proof. Let By’ | be a subdivision barbell graph for n >
3,s = 1 with the vertex set i—1 , for 15tcomponent, i < %
V(B;fl,l) ={u; , UppWiWpatl <i<niu{v:l < .
. P - 1S5t P n
i<s} , and edge set E(B;fu) = {ulip, n—i+ 1, for 15 component, i > -
. ; crl(u;) =
Unsilintivts Wi Wists Wnti Wnsigii 1 S E<n—=13U ) < n—1i+ 2, for 2"component,i > 22
{unul' UanUni1) WnpWi, Wap Wn+1} U {uiun+1v WiWpyq 't ’ P ’ 2
1 <i<n}u
{ - }_U } U 1 <i< 1 0 , for 3t'component, i even, i = 2
Un Wnt U {Un V10 Wy }U {ViV40:1 ST s - for 4'component, iodd, i = 3
Let us distinguish four cases. N1 , otherwise.
Case 1. n odd. According to Theorem 1.1, it is clear
thatXL (B;fl_l) = 4. (i , for 15t component, i < %
To determine the upper bound for the locating chromatic
number of subdivision Petersen graphBp> |, construct some i—1 ,for 2™ component, i < %
locating coloring c using 4 colors as follows.
For odd s, define the following coloring n—i+ 1, for 2"component,i > %
. en(Upai) = L
1 Jfori=1 n—i+ 2, for 1 component,i > %
c(ui) = 3 ,foreveni,i = 2 0 , for 4thcomponent, ieven, i =2
for 3" component, { odd, i = 3
4 ,foroddi,i = 3. )
k 1 , otherwise.
2 fori =1 -
’ (i , for 4*"component, i < %
) = LI > -
C(un"'l) 3 ,foroddi, i =3 i+1 , for 3t"component,i < %
4 ,foreveni, i = 2. n—i , for 4" component,i > %
en(w;) =<
1 ,foroddi,i<n-—2 n—i+1, for 3" component,i = %
clwy) = 2 ,foreveni,i<n-—1 0 , for 2" component, i even, i < n — 1
for 1¥*component, i odd, i <n — 2
4 fori = n.
’ \ 1 , otherwise.
1 foreveni,i<n-—1 -
’ ’ (i , for 3*" component,i < %
c(Wyyi) =< 2 foroddi,i<n—2 -
(Wni) > ’ i+1 , for 4" component,i < %
3 ,fori =n. n
n—i , for 3”‘cc)mponenl,i = %
. en(Wayi) =
1 L fori=1 n—i+1,for 4—”‘(:0[1113()(1(—::11, i = %
C(Ui) = 3 ,foroddi,i =3 0 , for 15' component, ieven, i <n — 1
for 2" component, iodd, i < n — 2
S
4 oforeveni, i = 2. \1 , otherwise.

The color codes of V(Bp, ) for odd n and s are
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(i—1

i+2

s—i+2
7n(Ui)=<

2

0

1

. s+l
, for 15component, i < -

znd

, s
, for component,i < -

. s+l
, for 15¢component,i > -

for 2@

. s¥1
component, i = -
, for 3thcomp0nent, i=1

, for 4—thcomp0nent, ieven,i=>2

for Sthcomponent, iodd,i =3

, otherwise.

For even s, define the following coloring.

2

c(Upyi) = 3

1
c(uy) = { 3
4

4

[y

c(w;) =

1
c(Wnyi) = { 2
3

c(v;) =

4

The color codes of V(B;;fl'l) for odd n and even s are

yfori =1

, foreveni,i = 2
,foroddi,i =3
,fori=1

,for oddi,i =3
,foreveni,i = 2.
,foroddi,i<n-—2
,foreveni,i<n-—-1
,fori =n.
,foreveni,i<n-—1
,foroddi,i<n—2
,fori =n.
,fori=1
,foreveni,i = 2

,foroddi,i = 3.

(i

i—1

enug) = 4

\ 1

(i

=1

cn(Un) = <

1
(i
i+1

n—i

cn(wy) :<

\1

CH(WH-H) =<

0

\1

n—i+2,for 2"‘ict)mpcmenl, i>—

n—i+1,for 2”dcump0nent,i > -

n—i+1, for 3" component, i = e

~ . n+1
, for 2" component,i < -

- - n+1
, for 1¥*component, i < -

. o . n+1
n—i+1,for 1°component, i > -

n+1
2

, for 3*"component, i even, { = 2
for 4*"component, i odd, i > 3

, otherwise.

. n+1
, for 1¥*component, i < -

n+1

ond —_—
2

, for component, i <

n+1

n+1

n—i+ 2, for 15 component, i > -

, for 4" component, i even,i = 2
for 3”"component,i odd,i = 3

, otherwise.

~ . n-1
, for 4" component, § < -5

-

n—

2

, for 3" component,i <

~ . n+1
, for 4™ component, i > -5

n+1
, for 2"component, i even,i <n—1
Leor L ,i<n-—
for 15t component, iodd, i <n — 2

, otherwise.

- . n-1
, for 3" component,i < -

. n-1
, for 4" component, i < -

. n+1
, for 3”‘compnnent. i= =

. ~ . n+1
n—i+1,for 4'"component,i = =

Jfor 15'component, i even, i <n —1
for 2”dcump0ncnt, iodd,i<n-—-2

, otherwise.
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) ~ : : » nd ., . th ; h
[ =1 , for 1%t component, i < G) +1 ( i , for 2"%componentand5*", i < 5
. - t ._n
i+2 , for 2"¥component,i < % i-1 , for 1% component, i < 7
. . eth LN
. ~ S| . 3 —_ > -
s—i+2,for 15component, i > (%) +1 n—i . for5%component, i >
— 2 nd . PSS A ) ]
en(vy) = < for 2"%component, i > 2 n—i+ 1, for 1 component, i > %

For the i =
2 » for 3™ component, i = 1 cn(u;) = < n—i+ 2, for 2"component, i > %

0 , for 3*"component, i even, i = 2

4

. . . 0 , for 3" component, i even, 2 < i <n-—2
for 4" component, i odd, i > 3 N P ) ]
for 4" component, iodd, 2 <i<n-1

, otherwise . .
2 , for 4"*component, i = 1

for 3*"component, i = n

Since all vertices in By, | for odd n have distinct color codes,
then ¢ is the locating coloring using 4 colors. So, \ 7 , otherwise.
x.(Bi,) < 4.

(i , for 15¢component, i < %

Case 2 (n even). By Theorem 1.1, it is clear that
have y, (Bp,,) = 5. Consider the following two sub cases. i—1 ,for 2™ component, | < *2—!
For s odd, let ¢ be a coloring using 5 colors as follows.
i+1 , for 5" component, i S?—ZI
1 fori=1
n—i+1,for Z”dcomponent and 51", [ > z
c(uy) = 3 ,foreveni,2<i<n-—2 en(ar) = 2
n+i -
n—i+2,for 15 component, i > =
4 ,foroddi,3<i<n-1 z
) 0 , for 3"component, i odd,3 < i <n—1
5 fori=n for 4"'component, i even, 2 < i < n
2 . fori=1 2 , for 3*"component, i = 1
.. \ 1 , otherwise.
c(upei) =< 3 ,foroddi,i =3
( i , for Sthcomponent, i< g
4 ,foreveni,i = 2
i+1 , for 4thcomp0nent, i< g
1 sforoddi,i<n—1 for 3"component, i < (g) -1
c(wy) = 2 ,foreveni,i<n-—2 n—i , for 5t"component, i > g
3 ori=n—1 n—i+1,for4mc0mp0nent,i >;
. en(wy) =
5  fori =n. n—i—l,for3thcomp0nent,gﬁiSn—l
1 ,foreveni,i<n—2 0 , for 15tcomponent, i odd, i <n —1
for 2™ component, i even, i < n — 2
c(wyy) =< 2 ,foroddi,i<n—1
2 , for 15tcomponent,i =n — 1
4 ,fori =n. for 2™ component, i = n
4 ,foroddi,1<i<s 1 » otherwise.
c(v;) =
5 ,foreveni,1 <i <s-1

The color codes of V(Bp, ,) for even n and odd s are
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( i , for 4""component, i < %
. . n
i+1 , for 5""component, i < 3
i+2 , for 3" component, i < (g) -1
. ~ n .
n—i . for 3""component, - < i <n—1

2
~ . n
for 4®"component, i > 3

C]'I(er+i) :<

. - n
n—i+ 1, for 5"component,i > 3

0 , for 15tcomponent, i even, i <n — 2

for 2"@component, iodd, i <n—1

2 , for 1%component and 3", i = n
P
K 1 , otherwise.
. ; . _ s+l
s +1 , for 15t component, i < QT
. . s+l
i+2 , for 2"®component, | < AT
. . _s-1
for 3" component, i < -
. s+l
s—i+2,for 15component, i > QT
. s+l
cn(v;) = < for 3" component, i > ST

) . . s+l
s —i+ 3, for 2"%component, i > ST

0 , for 4‘hcomponeul, iodd, 1<i<s
for 5¢"component, i even, 1 < i < s-1

\ 1 , otherwise.

For sub case s even, we have

1 ,fori=1
c(u;) = 3 ,foreveni,2<i<n—2
4 ,foroddi,2 <i<n-1
5 , fori = n.
2 ,fori=1
c(u,.i) =< 3 ,foroddi,i >3
4 ,foreveni,i = 2.
1 ,foroddi,i<n-—-1
c(wy) = 2 ,foreveni,i <n—2

3 ,fori=n—-1

4 ,fori =n.

1 ,foreveni,i <n-—2
cWpy) =< 2 ,foroddi,i<n-—1

5 ,fori =n.

4 ,foroddi, 1 <i < s-1
c(v;) =

5 ,foreveni, 1 <i<s

The color codes of V(Bp,,) foreven nandsare

. - . n

( i , for 2" componentand 5", i < 3
- ~ 3 . n
i—1 , for 15component, i < 3
P . th . n
n—i , for 5" component, i > 3

n—i+ 1, for 1% component, i > %
cnluy) = < n—1i+ 2 for 2"*component, i > %

0 , for 3t"component, i even,2 < i <n—2
for 4" component, iodd, 2 < i <n—1

2 , for 4"component, i = 1
for 3t"component, i = n

\ 1 , otherwise.
. st . n
( i , for 1%*component,i < 3
. nd . n
i—1 , for 2"*component,i < 3
. . n
i+1 , for 5 component, i < 5

n—i+ 1, for 2"*componentand 5, i > 1%
en(Unai) =< "
n—i+ 2, for 15‘component, i > 2

0 , for 3thc0mp0nent, iodd,2 <i<n-1

for 4thc0mp0nent, ieven,2<i<n

2 , for 3t component, i = 1

\ 1 , otherwise.
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Jfor 4”‘component, i<

N E

, for Sthcomponent,i <

N E

for 3t

)-1

component, < (

NI=

. n
, for 4*"component, i > =
? 2

n—1i+ 1, for 5**component,i > g
en(wy) =

0

0

i+2

s—i+2
Cn(”t)=<

s—i+3

0

\ 1

n—i—1,for 3thc0mp0nent,§S isn—1

, for 15¢component, iodd, i <n —1
for 2"%component, i even, i < n — 2

, for 15t component, i =n —1
for 2"%component, i = n

, otherwise.
Jfor 5" component, i < 2
p > 5
. n
, for 4t"component, i < 2
. n
Jfor 3t component,i < (E) -1

, for 3thc0mponent,g <i<n-1

. n
for 5®"component, i > 3

n—i+1,for 4[hc0mp0nent,i > 1—21

, for 1“component, ieven,i <n—2
for 2™ component, iodd, i <n —1

, for 15tcomponent and 3th j=n
, otherwise.
, for 1°*component, i < %

, for 2"%component,i <

for 3" component, { <

NluNI®»

. s
, for 15¢component,i > 2

. S
for 3" component, i > 3

211[1

. s
, for component, { > >

, for 4™ component, { odd, 1 < i < s-1

for 5 component, i even, 1 <i < s

, otherwise.

Since all vertices in Bp® for even n have distinct color

codes, then c is the locating coloring using 4 colors.
Therefore, the locating chromatic number of the
subdividing barbell graph containing generalized Petersen
graph, XL(B;Z,J < 5.This completes the proof.
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