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Summary 
We are introducing very first time that the class of 𝜙 െ

𝜆 െ  convex function, which is the generalization of class of 
𝜙 െconvex, ℎ െconvex, Godunova-Levin 𝑠 െconvex, 𝑠 െconvex 
in the 2௡ௗ kind and convex, 𝑃 െconvex and GL-convex functions. 
Next, we would like to state well-known Ostrowski inequality via 
𝜙 െ 𝜆 െconvex function by using the bifuzzy Reimann integrals. 
In addition, we establish some bifuzzy Ostrowski type inequalities 
for the class of functions whose derivatives in absolute values at 
certain powers are 𝜙 െ 𝜆 െ convex functions by Hölder’s and 
power mean inequalities. In this way we also capture the results 
with respect to convexity of functions.  
Key words: 

Ostrowski inequality, convex functions, Fuzzy set, 
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1. Introduction 

In this section, from literature, we recall and introduce 
some definitions for various convex functions.  
Definition 1.1 [3] A function 𝜂: 𝐼 ⊂ ℝ → ℝ is said to be convex, 
if  

 𝜂ሺ𝑡𝑥 ൅ ሺ1 െ 𝑡ሻ𝑦ሻ ൑ 𝑡𝜂ሺ𝑥ሻ ൅ ሺ1 െ 𝑡ሻ𝜂ሺ𝑦ሻ, 
 ∀𝑥, 𝑦 ∈ 𝐼, 𝑡 ∈ ሾ0,1ሿ.  

 
 

Definition 1.2 [3] A function 𝜂: 𝐼 ⊂ ℝ → ℝ  is said to be 
𝑀𝑇 െconvex, if 𝜂 is a non-negative and  

 𝜂ሺ𝑡𝑥 ൅ ሺ1 െ 𝑡ሻ𝑦ሻ ൑ √௧

ଶ√ଵି௧
𝜂ሺ𝑥ሻ ൅ √ଵି௧

ଶ√௧
𝜂ሺ𝑦ሻ, 

 ∀𝑥, 𝑦 ∈ 𝐼, 𝑡 ∈ ሾ0,1ሿ.  
 
 

Definition 1.3 [17] We say that 𝜂: 𝐼 ⊂ ℝ → ℝ  is a 𝑃 െconvex 
function, if 𝜂  is a non-negative and ∀𝑥, 𝑦 ∈ 𝐼  and 𝑡 ∈ ሾ0,1ሿ  we 
have  

 𝜂ሺ𝑡𝑥 ൅ ሺ1 െ 𝑡ሻ𝑦ሻ ൑ 𝜂ሺ𝑥ሻ ൅ 𝜂ሺ𝑦ሻ. 
  

  
Definition 1.4 [20] We say that 𝜂: 𝐼 ⊂ ℝ → ℝ is a Godunova-
Levin convex function, if 𝜂 is non-negative and ∀𝑥, 𝑦 ∈ 𝐼 and 𝑡 ∈
ሺ0,1ሻ we have  

 𝜂ሺ𝑡𝑥 ൅ ሺ1 െ 𝑡ሻ𝑦ሻ ൑ ଵ

௧
𝜂ሺ𝑥ሻ ൅ ଵ

ଵି௧
𝜂ሺ𝑦ሻ. 

  
 
Definition 1.5 [4] Let 𝑠 ∈ ሾ0,1ሿ. A function 𝜂: 𝐼 ⊂ ሾ0, ∞ሻ → ℝ is 
said to be 𝑠 െconvex in the 2௡ௗ kind, if  

𝜂ሺ𝑡𝑥 ൅ ሺ1 െ 𝑡ሻ𝑦ሻ ൑ 𝑡௦𝜂ሺ𝑥ሻ ൅ ሺ1 െ 𝑡ሻ௦𝜂ሺ𝑦ሻ, 
 ∀𝑥, 𝑦 ∈ 𝐼, 𝑡 ∈ ሾ0,1ሿ.  

  
Definition 1.6 [9] We say that the function 𝜂: 𝐼 ⊂ ℝ → ሾ0, ∞ሻ is 
of Godunova-Levin 𝑠 െconvex function, with 𝑠 ∈ ሾ0,1ሿ, if  

𝜂ሺ𝑡𝑥 ൅ ሺ1 െ 𝑡ሻ𝑦ሻ ൑
1
𝑡௦ 𝜂ሺ𝑥ሻ ൅

1
ሺ1 െ 𝑡ሻ௦ 𝜂ሺ𝑦ሻ, 

 ∀𝑡 ∈ ሺ0,1ሻ and 𝑥, 𝑦 ∈ 𝐼.  
  

Definition 1.7 [30] Let ℎ: 𝐽 ⊆ ℝ → ሾ0, ∞ሻ with ℎ not identical to 
0. We say that 𝜂 is an ℎ െconvex function if ∀𝑥, 𝑦 ∈ 𝐼, we have  

𝜂ሺ𝑡𝑥 ൅ ሺ1 െ 𝑡ሻ𝑦ሻ ൑ ℎሺ𝑡ሻ𝜂ሺ𝑥ሻ ൅ ℎሺ1 െ 𝑡ሻ𝜂ሺ𝑦ሻ, 
 ∀𝑡 ∈ ሾ0,1ሿ.  

 
Definition 1.8 [10] Let 𝜙: ሺ0,1ሻ → ሺ0, ∞ሻ  be a measurable 
function. We say that the 𝜂: 𝐼 → ሾ0, ∞ሻ is a 𝜙 െconvex(concave) 
function on the interval 𝐼 if for all 𝑥, 𝑦 ∈ 𝐼 we have  
𝜂ሺ𝑡𝑥 ൅ ሺ1 െ 𝑡ሻ𝑦ሻ ൑ ሺ൒ሻ𝑡𝜙ሺ𝑡ሻ𝜂ሺ𝑥ሻ ൅ ሺ1 െ 𝑡ሻ𝜙ሺ1 െ 𝑡ሻ𝜂ሺ𝑦ሻ, (1.1) 
 ∀𝑡 ∈ ሺ0,1ሻ.  

 
Theorem 1.9 [29] Let 𝜑: ሾ𝜌௔, 𝜌௕ሿ → ℝ be differentiable function 
on ሺ𝜌௔, 𝜌௕ሻ  with the property that |𝜑′ሺ𝑡ሻ| ൑ 𝑀  for all 𝑡 ∈
ሺ𝜌௔, 𝜌௕ሻ. Then  

 ቚ𝜑ሺ𝑥ሻ െ
ଵ

ఘ್ିఘೌ
׬

ఘ್

ఘೌ
𝜑ሺ𝑡ሻ𝑑𝑡ቚ ൑ 𝑀ሺ𝜌௕ െ

𝜌௔ሻ ൥ଵ

ସ
൅ ቆ

௫ି
ഐೌశഐ್

మ

ఘ್ିఘೌ
ቇ

ଶ

൩, (1.2) 

 for all 𝑥 ∈ ሺ𝜌௔, 𝜌௕ሻ. The constant 
ଵ

ସ
 is the best possible in the kind 

that it cannot be replaced by a smaller quantity.  
 
Now we present the extension of definitions of fuzzy 

numbers and their results as from the [6], [7], [26] and [19].  
Definition 1.10 A BF-Number is 𝜙: ℝ → ሾ0,1ሿ can be defined as 
1.  ሾ𝜙ሿ଴ ൌ Closureሺሼ𝑟 ∈ ℝ: 𝑇𝜙ሺ𝑟ሻ ൐ 0, 𝐹𝜙ሺ𝑟ሻ ൐ 0ሽሻ is compact. 
2.  𝜙  is Normal.( i.e, ∃ 𝑟଴ ∈ ℝ  such that 𝑇𝜙ሺ𝑟଴ሻ ൌ 1  and 

ø𝐹𝜙ሺ𝑟଴ሻ ൌ 0 ).  

3.  𝜙 is BF-convex, i.e, ∀𝑟ଵ, 𝑟ଶ ∈ ℝ, 𝜂 ∈ ሾ0,1ሿ  
𝑇𝜙ሺ𝜂𝑟ଵ ൅ ሺ1 െ 𝜂ሻ𝑟ଶሻ ൒ minሼ𝑇𝜙ሺ𝑟ଵሻ, 𝑇𝜙ሺ𝑟ଶሻሽ, 
𝐹𝜙ሺ𝜂𝑟ଵ ൅ ሺ1 െ 𝜂ሻ𝑟ଶሻ ൑ maxሼ𝐹𝜙ሺ𝑟ଵሻ, 𝐹𝜙ሺ𝑟ଶሻሽ. 

 
  4.  ∀𝑟଴ ∈ 𝑅  and 𝜖 ൐ 0,  ∃  Neighborhood 𝑉ሺ𝑟଴ሻ,  such that ∀𝑟 ∈
ℝ, 𝑇𝜙ሺ𝑟ሻ ൑ 𝑇𝜙ሺ𝑟଴ሻ ൅ 𝜖 and 𝐹𝜙ሺ𝑟ሻ ൒ 𝜙ሺ𝑟଴ሻ െ 𝜖, 

 
Definition 1.11 For any ሺ𝜁ଵ, 𝜁ଶሻ ∈ ሾ0,1ሿଶ,  and 𝜙  be any BF-
number, then 𝜁 െ level set ሾ𝜙ሿሺ఍భ,఍మሻ ൌ ሼ𝑟 ∈ ℝ: 𝑇𝜙ሺ𝑟ሻ ൒

𝜁ଵ, 𝐹𝜙ሺ𝑟ሻ ൑ 𝜁ଶሽ. Moreover ሾ𝜙ሿ఍ ൌ ቂ𝜙ି
ሺ఍భ,఍మሻ, 𝜙ା

ሺ఍భ,఍మሻቃ , ∀ሺ𝜁ଵ, 𝜁ଶሻ ∈

ሾ0,1ሿଶ.  
 
 

Proposition 1.12 Let 𝜙, 𝜑 ∈ 𝐵𝐹ℝ(Set of all BF-Numbers) and 𝜂 ∈
ℝ, then the following properties holds:   
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    1.  ሾ𝜙 ൅ 𝜑ሿሺ఍భ,఍మሻ ൌ ሾ𝜙ሿሺ఍భ,఍మሻ ൅ ሾ𝜑ሿሺ఍భ,఍మሻ.  
    2.  ሾ𝜂 ⊙ 𝜙ሿሺ఍భ,఍మሻ ൌ 𝜂ሾ𝜙ሿሺ఍భ,఍మሻ.  
    3.  𝜙 ⊕ 𝜑 ൌ 𝜑 ⊕ 𝜙.  
    4.  𝜂 ⊙ 𝜙 ൌ 𝜙 ⊙ 𝜂.  
    5.  1෨ ⊙ 𝜙 ൌ 𝜙.  
 ∀𝜁 ∈ ሾ0,1ሿ,  where 1෨ ∈ 𝐵𝐹ℝ,  defined by ∀𝑟 ∈

ℝ, 1෨ሺ𝑟ሻ ൌ ሺ1,0ሻ.  
 

Definition 1.13 Let 𝐷: 𝐵𝐹ℝ ൈ 𝐵𝐹ℝ → ℝା ∪ ሼ0ሽ, defined as  
𝐷ሺ𝜙, 𝜑ሻ

ൌ sup
఍∈ሾ଴,ଵሿ

max ቄቚ𝑇𝜙ି
ሺ఍ሻ, 𝑇𝜙ା

ሺ఍ሻቚ , ቚ𝑇𝜑ି
ሺ఍ሻ, 𝑇𝜑ା

ሺ఍ሻቚቅ

൅ inf
఍∈ሾ଴,ଵሿ

min ቄቚ𝐹𝜙ି
ሺ఍ሻ, 𝐹𝜙ା

ሺ఍ሻቚ , ቚ𝐹𝜑ି
ሺ఍ሻ, 𝐹𝜑ା

ሺ఍ሻቚቅ. 

 ∀𝜙, 𝜑 ∈ 𝐵𝐹ℝ. Then 𝐷 is metric on 𝐵𝐹ℝ.  
 

Proposition 1.14 Let 𝜙ଵ, 𝜙ଶ, 𝜙ଷ, 𝜙ସ ∈ 𝐵𝐹ℝ and 𝜂 ∈ 𝐵𝐹ℝ, we have 
1.  ሺ𝐵𝐹ℝ, 𝐷ሻ is complete.  
2.  𝐷ሺ𝜙ଵ ⊕ 𝜙ଷ, 𝜙ଶ ⊕ 𝜙ଷሻ ൌ 𝐷ሺ𝜙ଵ, 𝜙ଶሻ.  
3.  𝐷ሺ𝜂 ⊙ 𝜙ଵ, 𝜂 ⊙ 𝜙ଶሻ ൌ |𝜂|𝐷ሺ𝜙ଵ, 𝜙ଶሻ.  
4.  𝐷ሺ𝜙ଵ ⊕ 𝜙ଶ, 𝜙ଷ ⊕ 𝜙ସሻ ൌ 𝐷ሺ𝜙ଵ, 𝜙ଷሻ ൅ 𝐷ሺ𝜙ଶ, 𝜙ସሻ.  
5.  𝐷ሺ𝜙ଵ ⊕ 𝜙ଶ, 0෨ሻ ൌ 𝐷ሺ𝜙ଵ, 0෨ሻ ൅ 𝐷ሺ𝜙ଶ, 0෨ሻ.  
6.  𝐷ሺ𝜙ଵ ⊕ 𝜙ଶ, 𝜙ଷሻ ൌ 𝐷ሺ𝜙ଵ, 𝜙ଷሻ ൅ 𝐷ሺ𝜙ଶ, 0෨ሻ, 
where 0෨ ∈ 𝐵𝐹ℝ, defined by ∀𝑟 ∈ ℝ, 0෨ሺ𝑟ሻ ൌ ሺ0,1ሻ.  

 
Definition 1.15 Let 𝜙, 𝜑 ∈ 𝐵𝐹ℝ,  if ∃ 𝜃 ∈ 𝐵𝐹ℝ,  such that 𝜙 ൌ
𝜑 ⊕ 𝜃, then 𝜃 is 𝐻 െdifference of 𝜙 and 𝜑, denoted by 𝜃 ൌ 𝜙 ⊖
𝜑.  
 
Definition 1.16 A function 𝜙: ሾ𝑟଴, 𝑟଴ ൅ 𝜖ሿ → 𝐵𝐹ℝ  is 
𝐻 െdifferentiable at 𝑟, if ∃ 𝜙′ሺ𝑟ሻ ∈ 𝐵𝐹ℝ, i.e both limits  

 lim
௛→଴శ

థሺ௥ା௛ሻ⊖థሺ௥ሻ

௛
, lim

௛→଴శ

థሺ௥ሻ⊖థሺ௥ି௛ሻ

௛
 

 exists and are equal to 𝜙′ሺ𝑟ሻ.  
 

Definition 1.17 Let 𝜙: ሾ𝜌௔, 𝜌௕ሿ → 𝐵𝐹ℝ, if ∀𝜁 ൐ 0, ∃𝜂 ൐ 0, for any 
partition 𝑃 ൌ ሼሾ𝑢, 𝑣ሿ: 𝛿ሽ of ሾ𝜌௔, 𝜌௕ሿ with norm 𝛥ሺ𝑃ሻ ൏ 𝜂, we have  

 𝐷ሺ∑∗
௉ ሺ𝑣 െ 𝑢ሻ𝜙ሺ𝛿ሻ, 𝜑ሻ ൏ 𝜁, 

 then we say that 𝜙  is BF-Riemann integrable to 𝜑 ∈ 𝐵𝐹ℝ,  we 
write it as  

 𝜑 ൌ ሺ𝐵𝐹𝑅ሻ ׬
ఘ್

ఘೌ
𝜙ሺ𝑥ሻ𝑑𝑥. 

2   𝑩𝑭 െ Ostrowski type inequalities via 𝝓 െ
𝝀 െconvex functions 

 
In this section, we are introducing very first time the 

concept of 𝜙 െ 𝜆 െconvex function, which contain many classes 
of convex functions in litrature.  
Definition 2.1  Let 𝜆 ∈ ሺ0,1ሿ, 𝜙: ሺ0,1ሻ → ሺ0, ∞ሻ be a measurable 
function. We say that the 𝜂: 𝐼 → ሾ0, ∞ሻ  is a 𝜙 െ
𝜆 െconvex(concave) function on the interval 𝐼 if for all 𝑥, 𝑦 ∈ 𝐼 
we have  
𝜂ሺ𝑡𝑥 ൅ ሺ1 െ 𝑡ሻ𝑦ሻ ൑ ሺ൒ሻ𝑡ఒ𝜙ሺ𝑡ሻ𝜂ሺ𝑥ሻ ൅ ሺ1 െ 𝑡ሻఒ𝜙ሺ1 െ
𝑡ሻ𝜂ሺ𝑦ሻ, (2.1) 
 ∀𝑡 ∈ ሺ0,1ሻ. 

 
  

Remark 2.2 In Definition 2.1, one can see the following.   
1.  If we put 𝜆 ൌ 1,  in ሺ2.1ሻ,  then we get the concept of 
𝜙 െconvex (concave) function.  

2.  If we denote 𝑙ሺ𝑡ሻ ൌ 𝑡, and by taking 𝜆 ൌ 1, ℎ ൌ 𝑙𝜙 in ሺ2.1ሻ, 
we get ℎ െconvex (concave) function.  

3.  If we take 𝜆 ൌ 1, 𝜙ሺ𝑡ሻ ൌ ଵ

௧ೞశభ with 𝑠 ∈ ሾ0,1ሿ in ሺ2.1ሻ, then we 

get the class of Godunova-Levin 𝑠 െconvex (concave) functions.  

4.  If we put 𝜆 ൌ 1, 𝜙ሺ𝑡ሻ ൌ
ଵ

௧మ in ሺ2.1ሻ, then we get the concept of 

Godunova-Levin convex (concave) function.  
5.  if we put 𝜆 ൌ 1, 𝜙ሺ𝑡ሻ ൌ 𝑡௦ିଵ with 𝑠 ∈ ሾ0,1ሿ in ሺ2.1ሻ, then we 
get the concept of 𝑠 െconvex (concave) in 2௡ௗ kind.  

6.  If we put 𝜆 ൌ 1, 𝜙ሺ𝑡ሻ ൌ
ଵ

௧
 in ሺ2.1ሻ, then we get the concept of 

𝑃 െconvex (concave) function.  
7.  If we put 𝜆 ൌ 1, 𝜙ሺ𝑡ሻ ൌ 1 in ሺ2.1ሻ, then we get the concept of 
ordinary convex (concave) function.  

8.  If we put 𝜆 ൌ 1,  𝜙ሺ𝑡ሻ ൌ
ଵ

ଶඥ௧ሺଵି௧ሻ
 in ሺ2.1ሻ,  then we get the 

concept of 𝑀𝑇 െconvex (concave) function.  
  
In order to prove our main results in next section, we 

need the following lemma.  
Lemma 2.3  Let 𝜑: ሾ𝜌௔, 𝜌௕ሿ → 𝐵𝐹ℝ be an absolutely continuous 
mapping on ሺ𝜌௔, 𝜌௕ሻ  with 𝜌௔ ൏ 𝜌௕.  If 𝜑′ ∈ 𝐶ிሾ𝜌௔, 𝜌௕ሿ ∩
𝐿ிሾ𝜌௔, 𝜌௕ሿ, then for 𝑥 ∈ ሺ𝜌௔, 𝜌௕ሻ the following identity holds:  

 
ଵ

ఘ್ିఘೌ
⊙ ሺ𝐵𝐹𝑅ሻ ׬

ఘ್

ఘೌ
𝜑ሺ𝑡ሻ𝑑𝑡 ⊕ ሺ௫ିఘೌሻమ

ఘ್ିఘೌ
⊙

ሺ𝐵𝐹𝑅ሻ ׬
ଵ

଴ 𝑡 ⊙ 𝜑′ሺ𝑡𝑥 ൅ ሺ1 െ 𝑡ሻ𝜌௔ሻ𝑑𝑡 

 ൌ 𝜑ሺ𝑥ሻ ⊕ ሺఘ್ି௫ሻమ

ఘ್ିఘೌ
⊙ ሺ𝐵𝐹𝑅ሻ ׬

ଵ
଴ 𝑡 ⊙

𝜑′ሺ𝑡𝑥 ൅ ሺ1 െ 𝑡ሻ𝜌௕ሻ𝑑𝑡. (2.2) 
  

 We make use of the beta function of Euler type, which 
is for 𝑥, 𝑦 ൐ 0 defined as  

 𝐵ሺ𝑥, 𝑦ሻ ൌ ׬
ଵ

଴ 𝑡௫ିଵሺ1 െ 𝑡ሻ௬ିଵ𝑑𝑡 ൌ ୻ሺ௫ሻ୻ሺ௬ሻ

୻ሺ௫ା௬ሻ
, 

 where Γሺ𝑥ሻ ൌ ׬
ஶ

଴ 𝑒ି௨𝑢௫ିଵ𝑑𝑢.  
 

Theorem 2.4  Suppose all the assumptions of Lemma 2.3 hold. 
Additionally, 𝜆 ∈ ሺ0,1ሿ, 𝜙: ሺ0,1ሻ → ሺ0, ∞ሻ  be a measurable 

function with 𝜙ሺ𝑡ሻ ് ଵ

௧మ, 𝐷ሺ𝜑′, 0෨ሻ be a 𝜙 െ 𝜆 െconvex function on 

ሾ𝜌௔, 𝜌௕ሿ  and 𝐷ሺ𝜑′ሺ𝑥ሻ, 0෨ሻ ൑ 𝑀.  Then for each 𝑥 ∈ ሺ𝜌௔, 𝜌௕ሻ  the 
following inequality holds:  

 𝐷 ቀ𝜑ሺ𝑥ሻ,
ଵ

ఘ್ିఘೌ
⊙ ሺ𝐵𝐹𝑅ሻ ׬

ఘ್

ఘೌ
𝜑ሺ𝑡ሻ𝑑𝑡ቁ ൑

𝑀 ቀ׬
ଵ

଴ ൫𝑡ఒାଵ𝜙ሺ𝑡ሻ ൅ 𝑡ሺ1 െ 𝑡ሻఒ𝜙ሺ1 െ 𝑡ሻ൯𝑑𝑡ቁ 𝐼ሺ𝑥ሻ, (2.3) 

 where 𝐼ሺ𝑥ሻ ൌ ሺ௫ିఘೌሻమାሺఘ್ି௫ሻమ

ఘ್ିఘೌ
.  

Proof. From the Lemma 2.3,  

𝐷 ቆ𝜑ሺ𝑥ሻ,
1

𝜌௕ െ 𝜌௔
⊙ ሺ𝐵𝐹𝑅ሻ න

ఘ್

ఘೌ

𝜑ሺ𝑡ሻ𝑑𝑡ቇ 

൑ 𝐷 ቆ
ሺ𝑥 െ 𝜌௔ሻଶ

𝜌௕ െ 𝜌௔
⊙ ሺ𝐵𝐹𝑅ሻ න

ଵ

଴
𝑡 ⊙ 𝜑′ሺ𝑡𝑥 ൅ ሺ1 െ 𝑡ሻ𝜌௔ሻ𝑑𝑡, 

ሺ𝜌௕ െ 𝑥ሻଶ

𝜌௕ െ 𝜌௔
⊙ ሺ𝐵𝐹𝑅ሻ න

ଵ

଴
𝑡 ⊙ 𝜑′ሺ𝑡𝑥 ൅ ሺ1 െ 𝑡ሻ𝜌௕ሻ𝑑𝑡ቇ, 

  

൑ 𝐷 ቆ
ሺ𝑥 െ 𝜌௔ሻଶ

𝜌௕ െ 𝜌௔
⊙ ሺ𝐵𝐹𝑅ሻ න

ଵ

଴
𝑡 ⊙ 𝜑′ሺ𝑡𝑥 ൅ ሺ1 െ 𝑡ሻ𝜌௔ሻ𝑑𝑡, 0෨ቇ 

൅𝐷 ቆ
ሺ𝜌௕ െ 𝑥ሻଶ

𝜌௕ െ 𝜌௔
⊙ ሺ𝐵𝐹𝑅ሻ න

ଵ

଴
𝑡 ⊙ 𝜑′ሺ𝑡𝑥 ൅ ሺ1 െ 𝑡ሻ𝜌௕ሻ𝑑𝑡, 0෨ቇ, 
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ൌ
ሺ𝑥 െ 𝜌௔ሻଶ

𝜌௕ െ 𝜌௔
𝐷 ቆሺ𝐵𝐹𝑅ሻ න

ଵ

଴
𝑡 ⊙ 𝜑′ሺ𝑡𝑥 ൅ ሺ1 െ 𝑡ሻ𝜌௔ሻ𝑑𝑡, 0෨ቇ 

൅
ሺ𝜌௕ െ 𝑥ሻଶ

𝜌௕ െ 𝜌௔
𝐷 ቆሺ𝐵𝐹𝑅ሻ න

ଵ

଴
𝑡 ⊙ 𝜑′ሺ𝑡𝑥 ൅ ሺ1 െ 𝑡ሻ𝜌௕ሻ𝑑𝑡, 0෨ቇ, 

 ൑
ሺ௫ିఘೌሻమ

ఘ್ିఘೌ
׬

ଵ
଴ 𝑡𝐷൫𝜑′ሺ𝑡𝑥 ൅ ሺ1 െ 𝑡ሻ𝜌௔ሻ, 0෨൯𝑑𝑡 

൅
ሺఘ್ି௫ሻమ

ఘ್ିఘೌ
׬

ଵ
଴ 𝑡𝐷൫𝜑′ሺ𝑡𝑥 ൅ ሺ1 െ 𝑡ሻ𝜌௕ሻ, 0෨൯𝑑𝑡, (2.4) 

 Since 𝐷ሺ𝜑′, 0෨ሻ be 𝜙 െconvex function and 𝐷ሺ𝜑′ሺ𝑥ሻ, 0෨ሻ ൑ 𝑀, we 
have 

 
𝐷 ൑ 𝑡ఒ𝜙ሺ𝑡ሻ𝐷൫𝜑′ሺ𝑥ሻ, 0෨൯ ൅ ሺ1 െ 𝑡ሻఒ𝜙ሺ1 െ 𝑡ሻ𝐷൫𝜑′ሺ𝜌௔ሻ, 0෨൯ 

 ൑ 𝑀ൣ𝑡ఒ𝜙ሺ𝑡ሻ ൅ ሺ1 െ 𝑡ሻఒ𝜙ሺ1 െ 𝑡ሻ൧ (2.5) 
  

𝐷 ൑ 𝑡ఒ𝜙ሺ𝑡ሻ𝐷൫𝜑′ሺ𝑥ሻ, 0෨൯ ൅ ሺ1 െ 𝑡ሻఒ𝜙ሺ1 െ 𝑡ሻ𝐷൫𝜑′ሺ𝜌௕ሻ, 0෨൯ 
 ൑ 𝑀ൣ𝑡ఒ𝜙ሺ𝑡ሻ ൅ ሺ1 െ 𝑡ሻఒ𝜙ሺ1 െ 𝑡ሻ൧. (2.6) 

 Now using (2.5) and (2.6) in (2.4) we get (2.3).  
 

Corollary 2.5 In Theorem 2.4, one can see the following.   
1.  If one takes 𝜆 ൌ 1,  in ሺ2.3ሻ,  one has the 𝐵𝐹 െ  Ostrowski 
inequality for 𝜙 െconvex function:  

𝐷 ቆ𝜑ሺ𝑥ሻ,
1

𝜌௕ െ 𝜌௔
⊙ ሺ𝐵𝐹𝑅ሻ න

ఘ್

ఘೌ

𝜑ሺ𝑡ሻ𝑑𝑡ቇ

൑ 𝑀 ቆන
ଵ

଴
ሺ𝑡ଶ𝜙ሺ𝑡ሻ ൅ 𝑡ሺ1 െ 𝑡ሻ𝜙ሺ1

െ 𝑡ሻሻ𝑑𝑡ቇ 𝐼ሺ𝑥ሻ. 

2.  If one takes 𝜆 ൌ 1, 𝑙ሺ𝑡ሻ ൌ 𝑡,  the identity function, then by 
taking ℎ ൌ 𝑙𝜙, in ሺ2.3ሻ, one has the 𝐵𝐹 െ Ostrowski inequality 
for ℎ െconvex function:  

𝐷 ቆ𝜑ሺ𝑥ሻ,
1

𝜌௕ െ 𝜌௔
⊙ ሺ𝐵𝐹𝑅ሻ න

ఘ್

ఘೌ

𝜑ሺ𝑡ሻ𝑑𝑡ቇ

൑ 𝑀 ቆන
ଵ

଴
ሺ𝑡ℎሺ𝑡ሻ ൅ 𝑡ℎሺ1 െ 𝑡ሻሻ𝑑𝑡ቇ 𝐼ሺ𝑥ሻ. 

  
3.  If one takes 𝜆 ൌ 1, 𝜙ሺ𝑡ሻ ൌ 𝑡ିሺ௦ାଵሻ in ሺ2.3ሻ, then one has the 
𝐵𝐹 െ  Ostrowski inequality for Godunova-Levin 𝑠 െ convex 
functions:  

 𝐷 ቀ𝜑ሺ𝑥ሻ,
ଵ

ఘ್ିఘೌ
⊙ ሺ𝐵𝐹𝑅ሻ ׬

ఘ್

ఘೌ
𝜑ሺ𝑡ሻ𝑑𝑡ቁ ൑

𝑀 ቀ
ଵ

ଵି௦
ቁ 𝐼ሺ𝑥ሻ. 

  
4.  If one takes 𝜆 ൌ 1, 𝜙ሺ𝑡ሻ ൌ 𝑡௦ିଵ where 𝑠 ∈ ሺ0,1ሿ in ሺ2.3ሻ, then 
one has the 𝐵𝐹 െ Ostrowski inequality for 𝑠 െconvex functions in 
2௡ௗ kind:  

𝐷 ቆ𝜑ሺ𝑥ሻ,
1

𝜌௕ െ 𝜌௔
⊙ ሺ𝐵𝐹𝑅ሻ න

ఘ್

ఘೌ

𝜑ሺ𝑡ሻ𝑑𝑡ቇ ൑ 𝑀 ൬
1

1 ൅ 𝑠
൰ 𝐼ሺ𝑥ሻ. 

  
5.  If one takes 𝜆 ൌ 1, 𝜙ሺ𝑡ሻ ൌ 𝑡ିଵ in ሺ2.3ሻ, then one has the 𝐵𝐹 െ 
Ostrowski inequality for 𝑃 െconvex function:  

𝐷 ቆ𝜑ሺ𝑥ሻ,
1

𝜌௕ െ 𝜌௔
⊙ ሺ𝐵𝐹𝑅ሻ න

ఘ್

ఘೌ

𝜑ሺ𝑡ሻ𝑑𝑡ቇ ൑ 𝑀𝐼ሺ𝑥ሻ. 

  
6.  If one takes 𝜆 ൌ 𝜙ሺ𝑡ሻ ൌ 1 in ሺ2.3ሻ, then one has the 𝐵𝐹 െ 
Ostrowski inequality for convex function:  

𝐷 ቆ𝜑ሺ𝑥ሻ,
1

𝜌௕ െ 𝜌௔
⊙ ሺ𝐵𝐹𝑅ሻ න

ఘ್

ఘೌ

𝜑ሺ𝑡ሻ𝑑𝑡ቇ ൑
𝑀
2

𝐼ሺ𝑥ሻ. 

  

7.  If one takes 𝜆 ൌ 1, 𝜙ሺ𝑡ሻ ൌ ଵ

ଶඥ௧ሺଵି௧ሻ
 in ሺ2.3ሻ, then one has the 

𝐵𝐹 െ Ostrowski inequality for 𝑀𝑇 െconvex function:  

𝐷 ቆ𝜑ሺ𝑥ሻ,
1

𝜌௕ െ 𝜌௔
⊙ ሺ𝐵𝐹𝑅ሻ න

ఘ್

ఘೌ

𝜑ሺ𝑡ሻ𝑑𝑡ቇ ൑
𝑀𝜋

4
𝐼ሺ𝑥ሻ. 

  
  

Theorem 2.6  Suppose all the assumptions of Lemma 2.3 hold. 
Additionally, 𝜆 ∈ ሺ0,1ሿ, 𝜙: ሺ0,1ሻ → ሺ0, ∞ሻ  be a measurable 

function with 𝜙ሺ𝑡ሻ ്
ଵ

௧మ, ሾ𝐷ሺ𝜑′, 0෨ሻሿ௤ for 𝑞 ൒ 1 be 𝜙 െ 𝜆 െconvex 

function on ሾ𝜌௔, 𝜌௕ሿ  and 𝐷ሺ𝜑′ሺ𝑥ሻ, 0෨ሻ ൑ 𝑀.  Then ∀𝑥 ∈ ሺ𝜌௔, 𝜌௕ሻ 
the following inequality holds:  

𝐷 ቆ𝜑ሺ𝑥ሻ,
1

𝜌௕ െ 𝜌௔
⊙ ሺ𝐵𝐹𝑅ሻ න

ఘ್

ఘೌ

𝜑ሺ𝑡ሻ𝑑𝑡ቇ 

൑
ெ

ଶ
భష

భ
೜

ቀ׬
ଵ

଴ ൫𝑡ఒାଵ𝜙ሺ𝑡ሻ ൅ 𝑡ሺ1 െ 𝑡ሻఒ𝜙ሺ1 െ 𝑡ሻ൯𝑑𝑡ቁ
భ
೜ 𝐼ሺ𝑥ሻ. (2.7) 

 
Proof. From the inequality ሺ? ? ሻ and power mean inequality [31]  

𝐷 ቀ𝜑ሺ𝑥ሻ, ଵ

ఘ್ିఘೌ
⊙ ሺ𝐵𝐹𝑅ሻ ׬

ఘ್

ఘೌ
𝜑ሺ𝑡ሻ𝑑𝑡ቁ ൑

ሺ௫ିఘೌሻమ

ఘ್ିఘೌ
ቀ׬

ଵ
଴ 𝑡𝑑𝑡ቁ

ଵି
భ
೜ ቀ׬

ଵ
଴ 𝑡ൣ𝐷൫𝜑′ሺ𝑡𝑥 ൅ ሺ1 െ 𝑡ሻ𝜌௔ሻ, 0෨൯൧

௤
𝑑𝑡ቁ

భ
೜ ൅

ሺఘ್ି௫ሻమ

ఘ್ିఘೌ
ቀ׬

ଵ
଴ 𝑡𝑑𝑡ቁ

ଵି
భ
೜ ቀ׬

ଵ
଴ 𝑡ൣ𝐷൫𝜑′ሺ𝑡𝑥 ൅ ሺ1 െ 𝑡ሻ𝜌௕ሻ, 0෨൯൧

௤
𝑑𝑡ቁ

భ
೜. (2.8) 

 Since ሾ𝐷ሺ𝜑′, 0෨ሻሿ௤ be 𝜙 െconvex function and 𝐷ሺ𝜑′ሺ𝑥ሻ, 0෨ሻ ൑ 𝑀, 
we have  

ൣ𝐷൫𝜑′ሺ𝑡𝑥 ൅ ሺ1 െ 𝑡ሻ𝜌௔ሻ, 0෨൯൧
௤

൑ 𝑡ఒ𝜙ሺ𝑡ሻൣ𝐷൫𝜑′ሺ𝑥ሻ, 0෨൯൧
௤

൅ ሺ1 െ 𝑡ሻఒ𝜙ሺ1

െ 𝑡ሻൣ𝐷൫𝜑′ሺ𝜌௔ሻ, 0෨൯൧
௤
 

 ൑ 𝑀௤ൣ𝑡ఒ𝜙ሺ𝑡ሻ ൅ ሺ1 െ 𝑡ሻఒ𝜙ሺ1 െ 𝑡ሻ൧, (2.9) 
  

 ൣ𝐷൫𝜑′ሺ𝑡𝑥 ൅ ሺ1 െ 𝑡ሻ𝜌௕ሻ, 0෨൯൧
௤

൑

𝑡ఒ𝜙ሺ𝑡ሻൣ𝐷൫𝜑′ሺ𝑥ሻ, 0෨൯൧
௤

൅ ሺ1 െ 𝑡ሻఒ𝜙ሺ1 െ 𝑡ሻൣ𝐷൫𝜑′ሺ𝜌௕ሻ, 0෨൯൧
௤
 

 ൑ 𝑀௤ൣ𝑡ఒ𝜙ሺ𝑡ሻ ൅ ሺ1 െ 𝑡ሻఒ𝜙ሺ1 െ 𝑡ሻ൧, (2.10) 
 Now using (2.9) and (2.10) in (2.8) we get (2.7).  

 
 

Corollary 2.7 In Theorem 2.6, one can see the following.   
1.  If one takes 𝑞 ൌ 1, one has the Theorem 2.4.  
2.  If one takes 𝜆 ൌ 1  in ሺ? ? ሻ,  one has the 𝐵𝐹 െ  Ostrowski 
inequality for 𝜙 െconvex function:  

 𝐷 ቀ𝜑ሺ𝑥ሻ, ଵ

ఘ್ିఘೌ
⊙ ሺ𝐵𝐹𝑅ሻ ׬

ఘ್

ఘೌ
𝜑ሺ𝑡ሻ𝑑𝑡ቁ ൑

ெ

ଶ
భష

భ
೜

ቀ׬
ଵ

଴
ሺ𝑡ଶ𝜙ሺ𝑡ሻ ൅ 𝑡ሺ1 െ 𝑡ሻ𝜙ሺ1 െ 𝑡ሻሻ𝑑𝑡ቁ

భ
೜ 𝐼ሺ𝑥ሻ. 

  
3.  If one takes 𝜆 ൌ 1, 𝑙ሺ𝑡ሻ ൌ 𝑡,  the identity function, then by 
taking ℎ ൌ 𝑙𝜙, in ሺ? ? ሻ, one has the 𝐵𝐹 െ Ostrowski inequality 
for ℎ െconvex function:  

𝐷 ቆ𝜑ሺ𝑥ሻ,
1

𝜌௕ െ 𝜌௔
⊙ ሺ𝐵𝐹𝑅ሻ න

ఘ್

ఘೌ

𝜑ሺ𝑡ሻ𝑑𝑡ቇ

൑
𝑀

2
ଵି

ଵ
௤

ቆන
ଵ

଴
ሺ𝑡 ℎሺ𝑡ሻ ൅ 𝑡 ℎሺ1 െ 𝑡ሻሻ𝑑𝑡ቇ

ଵ
௤

𝐼ሺ𝑥ሻ. 
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4.  If one takes 𝜆 ൌ 1, 𝜙ሺ𝑡ሻ ൌ 𝑡ିሺ௦ାଵሻ in ሺ? ? ሻ, then one has 𝐵𝐹 െ 
Ostrowski inequality for Godunova-Levin 𝑠 െconvex functions:  

𝐷 ቆ𝜑ሺ𝑥ሻ,
1

𝜌௕ െ 𝜌௔
⊙ ሺ𝐵𝐹𝑅ሻ න

ఘ್

ఘೌ

𝜑ሺ𝑡ሻ𝑑𝑡ቇ ൑
𝑀

2
ଵି

ଵ
௤

൬
1

1 െ 𝑠
൰

ଵ
௤

𝐼ሺ𝑥ሻ. 

  
5.  If one takes 𝜆 ൌ 1, 𝜙ሺ𝑡ሻ ൌ 𝑡௦ିଵ where 𝑠 ∈ ሾ0,1ሿ in ሺ? ? ሻ, then 
one has 𝐵𝐹 െ Ostrowski inequality for 𝑠 െconvex functions in 
2௡ௗ kind:  

𝐷 ቆ𝜑ሺ𝑥ሻ,
1

𝜌௕ െ 𝜌௔
⊙ ሺ𝐵𝐹𝑅ሻ න

ఘ್

ఘೌ

𝜑ሺ𝑡ሻ𝑑𝑡ቇ ൑
𝑀

2
ଵି

ଵ
௤

൬
1

1 ൅ 𝑠
൰

ଵ
௤

𝐼ሺ𝑥ሻ. 

  
6.  If one takes 𝜆 ൌ 1, 𝜙ሺ𝑡ሻ ൌ 𝑡ିଵ, in ሺ? ? ሻ, then one has the 𝐵𝐹 െ 
Ostrowski inequality for 𝑃 െconvex function:  

𝐷 ቆ𝜑ሺ𝑥ሻ,
1

𝜌௕ െ 𝜌௔
⊙ ሺ𝐵𝐹𝑅ሻ න

ఘ್

ఘೌ

𝜑ሺ𝑡ሻ𝑑𝑡ቇ ൑
𝑀

2
ଵି

ଵ
௤

𝐼ሺ𝑥ሻ. 

 7.  If one takes 𝜆 ൌ 𝜙ሺ𝑡ሻ ൌ 1, in ሺ? ? ሻ, then one has the 𝐵𝐹 െ 
Ostrowski inequality for convex function:  

𝐷 ቆ𝜑ሺ𝑥ሻ,
1

𝜌௕ െ 𝜌௔
⊙ ሺ𝐵𝐹𝑅ሻ න

ఘ್

ఘೌ

𝜑ሺ𝑡ሻ𝑑𝑡ቇ ൑
𝑀
2

𝐼ሺ𝑥ሻ. 

 8.  If one takes 𝜆 ൌ 1, 𝜙ሺ𝑡ሻ ൌ
ଵ

ଶඥ௧ሺଵି௧ሻ
 in ሺ? ? ሻ, then one has the 

𝐵𝐹 െ Ostrowski inequality for 𝑀𝑇 െconvex function:  

𝐷 ቆ𝜑ሺ𝑥ሻ,
1

𝜌௕ െ 𝜌௔
⊙ ሺ𝐵𝐹𝑅ሻ න

ఘ್

ఘೌ

𝜑ሺ𝑡ሻ𝑑𝑡ቇ ൑
𝑀𝜋

ଵ
௤

2
ଵା

ଵ
௤

𝐼ሺ𝑥ሻ. 

  
Theorem 2.8  Suppose all the assumptions of Lemma 2.3 hold. 
Additionally, assume that 𝜆 ∈ ሺ0,1ሿ, 𝜙: ሺ0,1ሻ → ሺ0, ∞ሻ  be a 

measurable function with 𝜙ሺ𝑡ሻ ്
ଵ

௧మ,  ሾ𝐷ሺ𝜑′, 0෨ሻሿ௤  be a 𝜙 െ

𝜆 െ convex function on ሾ𝜌௔, 𝜌௕ሿ, 𝑞 ൐ 1  and 𝐷ሺ𝜑′ሺ𝑥ሻ, 0෨ሻ ൑ 𝑀. 
Then for each 𝑥 ∈ ሺ𝜌௔, 𝜌௕ሻ,  the following inequality holds: 

𝐷 ቀ𝜑ሺ𝑥ሻ,
ଵ

ఘ್ିఘೌ
⊙ ሺ𝐵𝐹𝑅ሻ ׬

ఘ್

ఘೌ
𝜑ሺ𝑡ሻ𝑑𝑡ቁ 

൑
ெ

ሺ௣ାଵሻ
భ
೛

ቀ׬
ଵ

଴ ൫𝑡ఒ𝜙ሺ𝑡ሻ ൅ ሺ1 െ 𝑡ሻఒ𝜙ሺ1 െ 𝑡ሻ൯𝑑𝑡ቁ
భ
೜ 𝐼ሺ𝑥ሻ, (2.11) 

 where 𝑝ିଵ ൅ 𝑞ିଵ ൌ 1. 
 

Proof. From the inequality ሺ? ? ሻ and Hölder’s inequality [32]  

𝐷 ቆ𝜑ሺ𝑥ሻ,
1

𝜌௕ െ 𝜌௔
⊙ ሺ𝐵𝐹𝑅ሻ න

ఘ್

ఘೌ

𝜑ሺ𝑡ሻ𝑑𝑡ቇ 

൑
ሺ𝑥 െ 𝜌௔ሻଶ

𝜌௕ െ 𝜌௔
ቆන

ଵ

଴
𝑡௣𝑑𝑡ቇ

ଵ
௣

ቆන
ଵ

଴
ൣ𝐷൫𝜑′ሺ𝑡𝑥 ൅ ሺ1 െ 𝑡ሻ𝜌௔ሻ, 0෨൯൧

௤
𝑑𝑡ቇ

ଵ
௤

 

൅
ሺఘ್ି௫ሻమ

ఘ್ିఘೌ
ቀ׬

ଵ
଴ 𝑡௣𝑑𝑡ቁ

భ
೛ ቀ׬

ଵ
଴ ൣ𝐷൫𝜑′ሺ𝑡𝑥 ൅ ሺ1 െ

𝑡ሻ𝜌௕ሻ, 0෨൯൧
௤

𝑑𝑡ቁ
భ
೜. (2.12) 

 Since ሾ𝐷ሺ𝜑′, 0෨ሻሿ௤ be 𝜙 െconvex function and 𝐷ሺ𝜑′ሺ𝑥ሻ, 0෨ሻ ൑ 𝑀, 
we have  

ൣ𝐷൫𝜑′ሺ𝑡𝑥 ൅ ሺ1 െ 𝑡ሻ𝜌௔ሻ, 0෨൯൧
௤

൑ 𝑡ఒ𝜙ሺ𝑡ሻൣ𝐷൫𝜑′ሺ𝑥ሻ, 0෨൯൧
௤

൅ ሺ1 െ 𝑡ሻఒ𝜙ሺ1

െ 𝑡ሻൣ𝐷൫𝜑′ሺ𝜌௔ሻ, 0෨൯൧
௤
 

 ൑ 𝑀௤ൣ𝑡ఒ𝜙ሺ𝑡ሻ ൅ ሺ1 െ 𝑡ሻఒ𝜙ሺ1 െ 𝑡ሻ൧, (2.13) 
  

ൣ𝐷൫𝜑′ሺ𝑡𝑥 ൅ ሺ1 െ 𝑡ሻ𝜌௕ሻ, 0෨൯൧
௤

൑ 𝑡ఒ𝜙ሺ𝑡ሻൣ𝐷൫𝜑′ሺ𝑥ሻ, 0෨൯൧
௤

൅ ሺ1 െ 𝑡ሻఒ𝜙ሺ1

െ 𝑡ሻൣ𝐷൫𝜑′ሺ𝜌௕ሻ, 0෨൯൧
௤
 

 ൑ 𝑀௤ൣ𝑡ఒ𝜙ሺ𝑡ሻ ൅ ሺ1 െ 𝑡ሻఒ𝜙ሺ1 െ 𝑡ሻ൧, (2.14) 
 Now using (2.13) and (2.14) in (2.12) we get (2.11).  

 
 

Corollary 2.9 In Theorem 2.8, one can see the following.   
1.  If one takes 𝜆 ൌ 1  in ሺ2.11ሻ,  one has the 𝐵𝐹 െ  Ostrowski 
inequality for 𝜙 െconvex function:  

𝐷 ቆ𝜑ሺ𝑥ሻ,
1

𝜌௕ െ 𝜌௔
⊙ ሺ𝐵𝐹𝑅ሻ න

ఘ್

ఘೌ

𝜑ሺ𝑡ሻ𝑑𝑡ቇ

൑
𝑀

ሺ𝑝 ൅ 1ሻ
ଵ
௣

ቆන
ଵ

଴
ሺ𝑡𝜙ሺ𝑡ሻ

൅ ሺെ𝑡ሻ𝜙ሺെ𝑡ሻሻ𝑑𝑡ቇ

ଵ
௤

𝐼ሺ𝑥ሻ. 

 2.  If one takes 𝜆 ൌ 1, 𝑙ሺ𝑡ሻ ൌ 𝑡,  then by taking ℎ ൌ 𝑙𝜙 , in 
ሺ2.11ሻ, one has the 𝐵𝐹 െ  Ostrowski inequality for ℎ െ convex 

function: 𝐷 ቀ𝜑ሺ𝑥ሻ, ଵ

ఘ್ିఘೌ
⊙ ሺ𝐵𝐹𝑅ሻ ׬

ఘ್

ఘೌ
𝜑ሺ𝑡ሻ𝑑𝑡ቁ ൑

ெ

ሺ௣ାଵሻ
భ
೛

ቀ׬
ଵ

଴
ሺℎሺ𝑡ሻ ൅ ℎሺ1 െ 𝑡ሻሻ𝑑𝑡ቁ

భ
೜ 𝐼ሺ𝑥ሻ. 

  
3.  If one takes 𝜆 ൌ 1, 𝜙ሺ𝑡ሻ ൌ 𝑡ିሺ௦ାଵሻ where 𝑠 ∈ ሾ0,1ሻ in ሺ2.11ሻ, 
then one has the 𝐵𝐹 െ Ostrowski inequality for Godunova-Levin 

𝑠 െ convex functions: 𝐷 ቀ𝜑ሺ𝑥ሻ,
ଵ

ఘ್ିఘೌ
⊙ ሺ𝐵𝐹𝑅ሻ ׬

ఘ್

ఘೌ
𝜑ሺ𝑡ሻ𝑑𝑡ቁ ൑

ெ

ሺ௣ାଵሻ
భ
೛

ቀ
ଶ

ଵି௦
ቁ

భ
೜ 𝐼ሺ𝑥ሻ. 

  
4.  If one takes 𝜆 ൌ 1, 𝜙ሺ𝑡ሻ ൌ 𝑡௦ିଵ,  where 𝑠 ∈ ሺ0,1ሿ  in ሺ2.11ሻ, 
then one has the 𝐵𝐹 െ  Ostrowski inequality for 𝑠 െ convex 
functions in 2௡ௗ kind:  

𝐷 ቆ𝜑ሺ𝑥ሻ,
1

𝜌௕ െ 𝜌௔
⊙ ሺ𝐵𝐹𝑅ሻ න

ఘ್

ఘೌ

𝜑ሺ𝑡ሻ𝑑𝑡ቇ

൑
𝑀

ሺ𝑝 ൅ 1ሻ
ଵ
௣

൬
2

1 ൅ 𝑠
൰

ଵ
௤

𝐼ሺ𝑥ሻ. 

 5.  If one takes 𝜆 ൌ 1, 𝜙ሺ𝑡ሻ ൌ 𝑡ିଵ, in ሺ2.11ሻ, then one has the 
𝐵𝐹 െ Ostrowski inequality for 𝑃 െconvex function:  

𝐷 ቆ𝜑ሺ𝑥ሻ,
1

𝜌௕ െ 𝜌௔
⊙ ሺ𝐵𝐹𝑅ሻ න

ఘ್

ఘೌ

𝜑ሺ𝑡ሻ𝑑𝑡ቇ ൑
2

ଵ
௤𝑀

ሺ𝑝 ൅ 1ሻ
ଵ
௣

𝐼ሺ𝑥ሻ. 

 6.  If one takes 𝜆 ൌ 𝜙ሺ𝑡ሻ ൌ 1, in ሺ2.11ሻ, then one has the 𝐵𝐹 െ 
Ostrowski inequality for convex function:  

𝐷 ቆ𝜑ሺ𝑥ሻ,
1

𝜌௕ െ 𝜌௔
⊙ ሺ𝐵𝐹𝑅ሻ න

ఘ್

ఘೌ

𝜑ሺ𝑡ሻ𝑑𝑡ቇ ൑
𝑀

ሺ𝑝 ൅ 1ሻ
ଵ
௣

𝐼ሺ𝑥ሻ. 

  

7.  If one takes 𝜆 ൌ 1, 𝜙ሺ𝑡ሻ ൌ
ଵ

ଶඥ௧ሺଵି௧ሻ
 in ሺ2.11ሻ, then one has the 

𝐵𝐹 െ Ostrowski inequality for 𝑀𝑇 െconvex function:  

𝐷 ቆ𝜑ሺ𝑥ሻ,
1

𝜌௕ െ 𝜌௔
⊙ ሺ𝐵𝐹𝑅ሻ න

ఘ್

ఘೌ

𝜑ሺ𝑡ሻ𝑑𝑡ቇ ൑
𝑀 ቀ

𝜋
2ቁ

ଵ
௤

ሺ1 ൅ 𝑝ሻ
ଵ
௣

𝐼ሺ𝑥ሻ. 
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3.   𝑩𝑭 െ Ostrowski type midpoint inequalties 
via 𝝓 െ 𝝀 െconvex functions 
 

Remark 2.10 In Theorem 2.6, one can see the following.   

1.  If one takes 𝑥 ൌ
ఘೌାఘ್

ଶ
 in ሺ2.7ሻ, one has the 𝐵𝐹 െ Ostrowski 

Midpoint inequality for 𝜙 െ 𝜆 െ convex function: 

𝐷 ቀ𝜑 ቀ
ఘೌାఘ್

ଶ
ቁ ,

ଵ

ఘ್ିఘೌ
⊙ ሺ𝐵𝐹𝑅ሻ ׬

ఘ್

ఘೌ
𝜑ሺ𝑡ሻ𝑑𝑡ቁ 

൑
𝑀

2
ଶି

ଵ
௤

ቆන
ଵ

଴
൫𝑡ఒାଵ𝜙ሺ𝑡ሻ ൅ 𝑡ሺ1 െ 𝑡ሻఒ𝜙ሺ1 െ 𝑡ሻ൯𝑑𝑡ቇ

ଵ
௤

ሺ𝜌௕ െ 𝜌௔ሻ. 

  

2.  If one takes 𝜆 ൌ 1, 𝑥 ൌ ఘೌାఘ್

ଶ
 in ሺ2.7ሻ,  one has the 𝐵𝐹 െ 

Ostrowski Midpoint inequality for 𝜙 െconvex function:  

𝐷 ቆ𝜑 ൬
𝜌௔ ൅ 𝜌௕

2
൰ ,

1
𝜌௕ െ 𝜌௔

⊙ ሺ𝐵𝐹𝑅ሻ න
ఘ್

ఘೌ

𝜑ሺ𝑡ሻ𝑑𝑡ቇ 

൑
𝑀

2
ଶି

ଵ
௤

ቆන
ଵ

଴
ሺ𝑡ଶ𝜙ሺ𝑡ሻ ൅ 𝑡ሺ1 െ 𝑡ሻ𝜙ሺ1 െ 𝑡ሻሻ𝑑𝑡ቇ

ଵ
௤

ሺ𝜌௕ െ 𝜌௔ሻ. 

  

3.  If one takes 𝜆 ൌ 1, 𝑥 ൌ
ఘೌାఘ್

ଶ
, 𝑙ሺ𝑡ሻ ൌ 𝑡  and ℎ ൌ 𝑙𝜙 in ሺ2.7ሻ, 

then one has the 𝐵𝐹 െ  Ostrowski Midpoint inequality for 

ℎ െconvex function: 𝐷 ቀ𝜑 ቀ
ఘೌାఘ್

ଶ
ቁ ,

ଵ

ఘ್ିఘೌ
⊙ ሺ𝐵𝐹𝑅ሻ ׬

ఘ್

ఘೌ
𝜑ሺ𝑡ሻ𝑑𝑡ቁ 

൑
𝑀

2
ଶି

ଵ
௤

ቆන
ଵ

଴
ሺ𝑡ℎሺ𝑡ሻ ൅ 𝑡ℎሺ1 െ 𝑡ሻሻ𝑑𝑡ቇ

ଵ
௤

ሺ𝜌௕ െ 𝜌௔ሻ. 

  

4.  If one takes 𝜆 ൌ 1, 𝑥 ൌ
ఘೌାఘ್

ଶ
 and 𝜙ሺ𝑡ሻ ൌ 𝑡ିሺ௦ାଵሻ  in ሺ2.7ሻ, 

then one has 𝐵𝐹 െ Ostrowski Midpoint inequality for Godunova-

Levin 𝑠 െ convex functions: 𝐷 ቀ𝜑 ቀ
ఘೌାఘ್

ଶ
ቁ ,

ଵ

ఘ್ିఘೌ
⊙

ሺ𝐵𝐹𝑅ሻ ׬
ఘ್

ఘೌ
𝜑ሺ𝑡ሻ𝑑𝑡ቁ ൑

ெ

ଶ
మష

భ
೜

ቀ
ଵ

ଵି௦
ቁ

భ
೜ ሺ𝜌௕ െ 𝜌௔ሻ. 

5.  If one takes 𝜆 ൌ 1, 𝑥 ൌ ఘೌାఘ್

ଶ
 and 𝜙ሺ𝑡ሻ ൌ 𝑡௦ିଵ  where 𝑠 ∈

ሾ0,1ሿ in ሺ2.7ሻ, then one has 𝐵𝐹 െ Ostrowski Midpoint inequality 
for 𝑠 െconvex functions in 2௡ௗ kind:  

𝐷 ቆ𝜑 ൬
𝜌௔ ൅ 𝜌௕

2
൰ ,

1
𝜌௕ െ 𝜌௔

⊙ ሺ𝐵𝐹𝑅ሻ න
ఘ್

ఘೌ

𝜑ሺ𝑡ሻ𝑑𝑡ቇ

൑
𝑀

2
ଶି

ଵ
௤

൬
1

1 ൅ 𝑠
൰

ଵ
௤

ሺ𝜌௕ െ 𝜌௔ሻ. 

  

6.  If one takes 𝜆 ൌ 1, 𝑥 ൌ ఘೌାఘ್

ଶ
 and 𝜙ሺ𝑡ሻ ൌ 𝑡ିଵ  in ሺ2.7ሻ, then 

one has the 𝐵𝐹 െ Ostrowski Midpoint inequality for 𝑃 െconvex 
function:  

𝐷 ቆ𝜑 ൬
𝜌௔ ൅ 𝜌௕

2
൰ ,

1
𝜌௕ െ 𝜌௔

⊙ ሺ𝐵𝐹𝑅ሻ න
ఘ್

ఘೌ

𝜑ሺ𝑡ሻ𝑑𝑡ቇ

൑
𝑀

2
ଶି

ଵ
௤

ሺ𝜌௕ െ 𝜌௔ሻ. 

  

7.  If one takes 𝜆 ൌ 1, 𝑥 ൌ ఘೌାఘ್

ଶ
 and 𝜙ሺ𝑡ሻ ൌ 1 in ሺ2.7ሻ, then one 

has the 𝐵𝐹 െ Ostrowski Midpoint inequality for convex function:  

𝐷 ቆ𝜑 ൬
𝜌௔ ൅ 𝜌௕

2
൰ ,

1
𝜌௕ െ 𝜌௔

⊙ ሺ𝐵𝐹𝑅ሻ න
ఘ್

ఘೌ

𝜑ሺ𝑡ሻ𝑑𝑡ቇ

൑
𝑀
4

ሺ𝜌௕ െ 𝜌௔ሻ. 

  

8.  If one takes 𝜆 ൌ 1, 𝜙ሺ𝑡ሻ ൌ
ଵ

ଶඥ௧ሺଵି௧ሻ
 in ሺ2.7ሻ, then one has the 

𝐵𝐹 െ Ostrowski inequality for 𝑀𝑇 െconvex function:  

𝐷 ቆ𝜑ሺ𝑥ሻ,
1

𝜌௕ െ 𝜌௔
⊙ ሺ𝐵𝐹𝑅ሻ න

ఘ್

ఘೌ

𝜑ሺ𝑡ሻ𝑑𝑡ቇ ൑
𝑀𝜋

ଵ
௤

2
ଵା

ଵ
௤

𝐼ሺ𝑥ሻ. 

  
Remark 2.11 In Theorem 2.8, one can see the following.   

1.  If one takes 𝑥 ൌ
ఘೌାఘ್

ଶ
 in ሺ2.11ሻ, one has the 𝐵𝐹 െ Ostrowski 

Midpoint inequality for 𝜙 െ 𝜆 െconvex function:  

𝐷 ቆ𝜑 ൬
𝜌௔ ൅ 𝜌௕

2
൰ ,

1
𝜌௕ െ 𝜌௔

⊙ ሺ𝐵𝐹𝑅ሻ න
ఘ್

ఘೌ

𝜑ሺ𝑡ሻ𝑑𝑡ቇ 

൑
𝑀

2ሺ𝑝 ൅ 1ሻ
ଵ
௣

ቆන
ଵ

଴
൫𝑡ఒ𝜙ሺ𝑡ሻ ൅ ሺ1 െ 𝑡ሻఒ𝜙ሺ1 െ 𝑡ሻ൯𝑑𝑡ቇ

ଵ
௤

ሺ𝜌௕ െ 𝜌௔ሻ, 

 2.  If one takes 𝜆 ൌ 1, 𝑥 ൌ ఘೌାఘ್

ଶ
 in ሺ2.11ሻ,  one has the 𝐵𝐹 െ 

Ostrowski Midpoint inequality for 𝜙 െconvex function:  

𝐷 ቆ𝜑 ൬
𝜌௔ ൅ 𝜌௕

2
൰ ,

1
𝜌௕ െ 𝜌௔

⊙ ሺ𝐵𝐹𝑅ሻ න
ఘ್

ఘೌ

𝜑ሺ𝑡ሻ𝑑𝑡ቇ 

൑
𝑀

2ሺ𝑝 ൅ 1ሻ
ଵ
௣

ቆන
ଵ

଴
ሺ𝑡𝜙ሺ𝑡ሻ ൅ ሺ1 െ 𝑡ሻ𝜙ሺ1 െ 𝑡ሻሻ𝑑𝑡ቇ

ଵ
௤

ሺ𝜌௕ െ 𝜌௔ሻ, 

  

3.  If one takes 𝜆 ൌ 1, 𝑥 ൌ
ఘೌାఘ್

ଶ
, 𝑙ሺ𝑡ሻ ൌ 𝑡 and ℎ ൌ 𝑙𝜙 in ሺ2.11ሻ, 

one has the 𝐵𝐹 െ Ostrowski Midpoint inequality for ℎ െconvex 
function:  

𝐷 ቆ𝜑 ൬
𝜌௔ ൅ 𝜌௕

2
൰ ,

1
𝜌௕ െ 𝜌௔

⊙ ሺ𝐵𝐹𝑅ሻ න
ఘ್

ఘೌ

𝜑ሺ𝑡ሻ𝑑𝑡ቇ 

൑
𝑀

2ሺ𝑝 ൅ 1ሻ
ଵ
௣

ቆන
ଵ

଴
ሺℎሺ𝑡ሻ ൅ ℎሺ1 െ 𝑡ሻሻ𝑑𝑡ቇ

ଵ
௤

ሺ𝜌௕ െ 𝜌௔ሻ. 

  

4.  If one takes 𝜆 ൌ 1, 𝑥 ൌ
ఘೌାఘ್

ଶ
 and 𝜙ሺ𝑡ሻ ൌ 𝑡ିሺ௦ାଵሻ  where 𝑠 ∈

ሾ0,1ሻ  in ሺ2.11ሻ,  then one has the 𝐵𝐹 െ  Ostrowski Midpoint 
inequality for Godunova-Levin 𝑠 െconvex functions:  

𝐷 ቆ𝜑 ൬
𝜌௔ ൅ 𝜌௕

2
൰ ,

1
𝜌௕ െ 𝜌௔

⊙ ሺ𝐵𝐹𝑅ሻ න
ఘ್

ఘೌ

𝜑ሺ𝑡ሻ𝑑𝑡ቇ

൑
2

ଵ
௤ିଵ

𝑀

ሺ𝑝 ൅ 1ሻ
ଵ
௣

൬
1

1 െ 𝑠
൰

ଵ
௤

ሺ𝜌௕ െ 𝜌௔ሻ. 

  

5.  If one takes 𝜆 ൌ 1, 𝑥 ൌ
ఘೌାఘ್

ଶ
 and 𝜙ሺ𝑡ሻ ൌ 𝑡௦ିଵ,  where 𝑠 ∈

ሺ0,1ሿ  in ሺ2.11ሻ,  then one has the 𝐵𝐹 െ  Ostrowski Midpoint 
inequality for 𝑠 െconvex functions in 2௡ௗ kind:  

𝐷 ቆ𝜑 ൬
𝜌௔ ൅ 𝜌௕
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𝜑ሺ𝑡ሻ𝑑𝑡ቇ

൑
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ଵ
௤ିଵ

𝑀

ሺ𝑝 ൅ 1ሻ
ଵ
௣

൬
1

1 ൅ 𝑠
൰

ଵ
௤

ሺ𝜌௕ െ 𝜌௔ሻ. 
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6.  If one takes 𝜆 ൌ 1, 𝑥 ൌ
ఘೌାఘ್

ଶ
 and 𝜙ሺ𝑡ሻ ൌ 𝑡ିଵ in ሺ2.11ሻ, then 

one has the 𝐵𝐹 െ Ostrowski Midpoint inequality for 𝑃 െconvex 
function:  

𝐷 ቆ𝜑 ൬
𝜌௔ ൅ 𝜌௕

2
൰ ,

1
𝜌௕ െ 𝜌௔

⊙ ሺ𝐵𝐹𝑅ሻ න
ఘ್

ఘೌ

𝜑ሺ𝑡ሻ𝑑𝑡ቇ

൑
2

ଵ
௤ିଵ

𝑀

ሺ𝑝 ൅ 1ሻ
ଵ
௣

ሺ𝜌௕ െ 𝜌௔ሻ. 

  

7.  If one takes 𝜆 ൌ 1, 𝑥 ൌ ఘೌାఘ್

ଶ
 and 𝜙ሺ𝑡ሻ ൌ 1 in ሺ? ? ሻ, then one 

has the 𝐵𝐹 െ Ostrowski Midpoint inequality for convex function:  

𝐷 ቆ𝜑 ൬
𝜌௔ ൅ 𝜌௕

2
൰ ,

1
𝜌௕ െ 𝜌௔

⊙ ሺ𝐵𝐹𝑅ሻ න
ఘ್

ఘೌ

𝜑ሺ𝑡ሻ𝑑𝑡ቇ

൑
𝑀

2ሺ𝑝 ൅ 1ሻ
ଵ
௣

ሺ𝜌௕ െ 𝜌௔ሻ. 

  

8.  If one takes 𝜆 ൌ 1, 𝜙ሺ𝑡ሻ ൌ ଵ

ଶඥ௧ሺଵି௧ሻ
 in ሺ? ? ሻ, then one has the 

𝐵𝐹 െ Ostrowski inequality for 𝑀𝑇 െconvex function:  

𝐷 ቆ𝜑 ൬
𝜌௔ ൅ 𝜌௕

2
൰ ,

1
𝜌௕ െ 𝜌௔

⊙ ሺ𝐵𝐹𝑅ሻ න
ఘ್

ఘೌ

𝜑ሺ𝑡ሻ𝑑𝑡ቇ

൑
𝑀𝜋

ଵ
௤

2
ଵ
௤ାଵ

ሺ1 ൅ 𝑝ሻ
ଵ
௣

ሺ𝜌௕ െ 𝜌௔ሻ. 

4.  Conclusion 
 Ostrowski inequality is one of the most celebrated 

inequalities, we can find its various generalizations and variants in 
literature. In this paper, we presented the generalized notion of 
𝜙 െ convex function which is the generalization of many 
important classes including class of ℎ െconvex [30], Godunova-
Levin 𝑠 െconvex [9], 𝑠 െconvex in the 2௡ௗ  kind [4] (and hence 
contains class of convex functions [3]). It also contains class of 
𝑃 െconvex functions [17] and class of Godunova-Levin functions 
[20]. We would like to state the BF-Ostrowski inequality via 𝜙 െ 
convex function. In addition, we establish some BF-Ostrowski 
type inequalities for the class of functions whose derivatives in 
absolute values at certain powers are 𝜙 െconvex functions by 
using different techniques including Hölder’s inequality[32] and 
power mean inequality[31]. 
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