IJCSNS International Journal of Computer Science and Network Security, VOL.24 No.6, June 2024 49

Regularity and Normality in Soft Bitopological Ordered Spaces

S. A. El-Sheikh !, S. A. Kandil 2, S. Hussien > !

slamma_elarabi@yahoo.com

"Mathematics Department, Faculty of Education, Ain Shams University, Cairo, Egypt.
’Mathematics Department, Canadian International college, Cairo, Egypt.

3Mathematics Department, Faculty of science, Helwan University, Cairo, Egypt. !

Corresponding author. Name : Salama Hussien Ali

Abstract

This paper examines regularity and normality in soft separation
axioms for soft bitopological ordered spaces and their
relationships with other properties. The findings expand our
understanding of bitopological ordered spaces. Previous research,
such as Al-Shami’s work [3], has established distinctions between
separation axioms in topological ordered spaces, which are more
effective in describing these spaces’ properties.
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1. Introduction

Nachbin [17] (1965) introduced the concept of a
topological ordered space by adding a partial order to the
structure of a topological space. McCartan [13] (1968) used
monotone neighborhoods to study ordered separation
axioms in these spaces. To address vagueness and
uncertainty in real-life problems, mathematical tools like
fuzzy sets, intuitionistic fuzzy sets, rough sets, vague sets,
and soft sets have been developed. Molodtsov [16] (1999)
introduced soft sets as a mathematical tool to handle
vagueness and uncertainty. Maji et al. [15] and [14] (2003,
2002) and Aktas and Cagman [1] (2007) further developed
soft set theory and its application in decision making
problems and algebraic structures. Shabir and Naz [20]
(2011) investigated soft separation axioms for crisp points,
and Hussain and Ahmad [7] (2011) examined properties of
soft interior, closure, and boundary. Nazmul and Samanta
[18] (2013) studied neighborhood properties of soft
topological spaces, and four different types of separation
axioms were defined and discussed in a series of papers
(Gocur [10] 2015, Hussain [8] 2015, Shabir 2011 [20], and
Tantawy [22] 2016). Singh and Noorie [21] (2017)
extended the understanding of soft topological spaces and
their properties. Ittanagi [9] (2014) introduced soft
bitopological spaces and soft separation axioms, and Kandil
etal. [11] (2016) further studied their structures and defined
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basic concepts. El-Shafei et al. [3], [4] (2019, 2018)
developed two new types of soft relations and introduced
the concept of soft topological ordered spaces and ordered
soft separation axioms. El-Sheikh et al.[5], [6] (2023, 2022)
introduced the concept of soft bitopological ordered spaces
and studied the relationships between increasing
(decreasing, balancing) pairwise open (closed) soft sets and
neighborhoods, and increasing (decreasing) pairwise soft
neighbourhoods. This paper discusses the use of soft sets
and soft bitopologies in ordered spaces. Section 2 provides
definitions and properties of soft sets and soft topologies.
Section 3 introduces the concept of’Bi-ordered soft
regularity and normality.” Examples are provided to
demonstrate the connections between these concepts and
highlight their characteristics.

2. Preliminaries

References and resources, such as [3], [5], [6],
[12],[20], can aid in further exploration and comprehension
of specialized mathematical concepts, including soft set
theory, soft points, soft topological space, soft topological
ordered space, and soft bitopological ordered space. From
now on, we will use the notation X to refer to the universe
set, E to denote a fixed set of parameters, and 2% to represent
the power set of X.

Definition 2.1 [12] A binary relation < on a set X is a partial
order relation if it is reflexive, anti-symmetric, and
transitive. The equality relation on X, denoted by N, is

defined as {(a,a) : a € X}.

Definition 2.2 [17] A triple (X,t,<) is called a topological
ordered space when (X,1) is a topological space and (X,<)
is a partially ordered set.
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Definition 2.3 [2, 15, 16, 20] A soft set is defined as a pair

(M,E), where M : E — 2X. The notation
Mk is used instead of (M,E) for brevity. A soft set can

also be represented as a set of ordered pairs, where
Mg = {(e,M(e))|e € E, M(e) € 2%}

The collection of all soft sets over X is denoted by
P(X)E.
A null soft set, denoted by ¢, is one where M(e) =

2 for all e € E. An absolute soft set, denoted by X,
is one where M(e) = X for all e € E.

Two soft sets, Mg,Ng € P(X)E, are considered a
soft subset, denoted by Ng v Mg, if N(e) & M(e) for

all e € E. They are considered equal, denoted by Ng
= Mg, if Ng v Mg and Mg v Ng. The union and
intersection of two soft sets, Ng and Mg, are
represented by Ngt Mgand Ngu Mg, respectively. The
difference of two soft sets, Ng and Mg, is denoted by
Ne—Mg, and the complement of a soft set Ng is
denoted by Ng,

Definition 2.4 [18, 19] A soft set Ng: E — 2X defined
as N(o) =aifa=eand N(o) =2 ifa € E — {e} is
called a soft point and denoted by a°. The collection

of all soft points over X is denoted by Sp(X)E. A soft
point a°® is said to be belonging to a soft set Ng,

denoted by a®*€pN, if for the member e € E, a(e) &
N(e).

Definition 2.5 [3, 16] For a soft set Ngover X and an

element a € X, we say a € Ngifa € N(a) for every
o € E and a €6 Ngif a 6& N(a) for some o € E.
We say a b Nrif a € N(a) for some a € E and a 6b
Ng if a 6€ N(a) for every a € E. The notations

€,6€,b and b6 are respectively read as belong, non-

belong, partial belong and total non-belong relations.

Definition 2.6 [20] A soft topology on a set X is a
collection of soft sets over X with a certain set of
properties. Specifically, the collection must contain

the null soft set and the absolute soft set , and it must
be closed under arbitrary unions and finite
intersections.

A soft topological space is a triple (X,t,E) where
T is a soft topology on X. The members of t are called
soft open sets, and their complements are called soft
closed sets.
Definition 2.7 [18] Let P(X)F and P(Y )X be families
of soft sets over X and Y , respectively. Let ¢ : X —
Y and y : E — K be two mappings. The mapping ¢ :
P(X)® — P(Y )*®is a soft mapping from X to Y ,
denoted by o, defined as follows:

1. For G € P(X)E, ¢y(Ge)(k) = Seewq(k) G(e) if
vy (k) 6= 2, and ¢,(Gg)(k) = @ otherwise, for
all k € K. The soft set ¢,(Gg) is called the soft

image of Gg.
2. For Fx € P(Y )X, ¢ ,'(Fx)(e) = 9 '(F(y(e))),

for all ¢ € E. The soft set ¢,'(Fx) is called the

soft inverse image of Fk.

Definition 2.8 [23] Let P(X)F and P(Y )X be two
families of soft sets over X and Y, respectively. A soft
mapping ¢y : P(X)P — P(Y )X is called soft
surjective( injective) mapping if ¢,y are surjective
(injective) mappings, respectively. A soft mapping
which is a soft surjective and soft injective mapping

is called a soft bijection mapping.

Proposition 2.1 [18] Consider ¢, : P(X)E— P(Y )¥is
a soft map and let Gg and Hk be two soft subsets of
P(X)E and P(Y )X, respectively. Then we have the

following results:

—1
1. G E 9y (90(GE)) and the equality relation
holds if ¢, is injective.

2. ¢y(¢7y'(Hk)) v Hk and the equality relation
holds if ¢, is surjective.
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Definition 2.9 [18] A soft map o, : (X,7,E) — (Y,n,K)
is said to be:

1. Soft continuous if the inverse image of each
soft open subset of (Y,n,K) is a soft open subset
of (X,t,E).

2. Soft open ( resp. soft closed ) if the image of
each soft open ( resp. soft closed ) subset of
(X,t,E) is a soft open ( resp. soft closed ) subset
of (Y,n,K).

3. Soft homeomorphism if it is bijective, soft
continuous and soft open.

Definition 2.10 [9, 11] A quadrable system (X,1,72,E)
is called a soft bitopological space when t; and 1, are
soft topologies on the set X with a fixed set of
parameters E. A soft set Ng in a soft bitopological
space (X,t1,12,E) is called pairwise open soft
(PO—soft) if there exists a Tj—open soft set Ng' and a
Ty—open soft set Ng? such that Ne = Ng' t Ng?, and
pairwise closed soft (PC—soft) if the complement of
N is a PO—soft set. The family of all PO—soft sets,
denoted by 712, is a supra soft topological space
associated with the soft bitopological space

(X3T19T25E)-

Definition 2.11 [3] A triple (X,E,<) is called a
partially ordered soft space when < is a partial order
relation on the set X. An increasing soft operator i :
(P(X)E,<) — (P(X)E,<) and a decreasing soft operator
d : (P(X)E,2) — (P(X)E,<) are defined for each soft

set Npin P(X)Eby i(Ng)(e) =iN(e) = {a € X :b<a,
for some b € N(e)} and d(Ng)(e)=dN(e)={a € X :

a<b, for some b € N(e)} respectively. A soft subset

N of the partially ordered soft space (X,E,<) is called
increasing if Ng = i(Ng), decreasing if Ng= d(Ng).

Proposition 2.2 [3] The following two results hold
for a soft map ¢, : P(X)5— P(Y )X.
1. The image of each soft point is soft point.

2. If gy is bijective, then the inverse image of each
soft point is soft point.

Definition 2.12 [3] Let x®and y° be two soft points in
a partially ordered soft set (X,E,<). Then x°<y®if x <
y.

Definition 2.13 [3] A soft map

oy (P(X)P,<1) = (P(Y)R, <o) is said to be:
1. Increasing if x°<; y°, then @y(x°) <> @y(y°).

2. Decreasing if x°<; y®, then @y(y°) <2 0y(X°).

3. Ordered embedding if x° <; y© if and only if
Py(x°) <2 Qy(y°).

Theorem 2.1 [3] The following two results hold for
a soft map ¢y : (P(X)E,<) — (P(Y )X,<0).

1. If @y is increasing, then the inverse image of
each increasing (resp. decreasing ) soft subset
of Yk is an increasing (resp. decreasing ) soft
subset of Xg.

2. If ¢y is decreasing, then the inverse image of
each increasing (resp. decreasing ) soft subset
of Yk is an decreasing (resp. increasing ) soft
subset of Xg.

Theorem 2.2 [3] Let ¢, : (P(X)E,<1) — (P(Y )¥,<5) be
a bijective ordered embedding soft map. Then the
image of each increasing ( resp. decreasing ) soft
subset of Xg is an increasing ( resp. decreasing ) soft

subset of Yk.

Definition 2.14 [3] A quadrable system (X,t,E,<) can
be rephrased as a soft topological ordered space
(STOS) if (X,1,E) is a soft topological space and
(X,E,S) is a partially ordered soft space.

Definition 2.15 [3] A soft subset Wi of an STOS

(X,1,E,<) is called increasing (resp. decreasing) soft
neighborhood of x € X if Wgis soft neighborhood of

x and increasing (resp. decreasing).
Definition 2.16 [5] The system (X,11,72,E,<) is said to
be a soft bitopological ordered space (SBTOS ), if
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(X,t1,12,E) is a soft bitopological space and (X,E,<) is
a partially ordered soft space.

Definition 2.17 [5] A soft set Wg in a SBTOS
(X,71,72,E,<) is called:

1. ITPS (IPPS)— nbd of a € X if Wgis a total

( partial ) pairwise soft neighborhood of a and

increasing. 2. DTPS (DPPS)— nbd of a € X if Wg

is a total ( partial ) pairwise soft neighborhood of
a and decreasing.

Definition 2.18 [6] An SBTOS (X,1,72,E,<) is said to
be:

1. LPSTy (LPSTY")— ordered if for every

distinct points X,y in X such that ¥ £ Y there
exists an ITPS (IPPS)— nbd Wgof x such that y

6& Wk

2, LPSTY (LPSTY)= ordered if for every

distinct points x,y in X such that® £ Ythere
exists an ITPS (IPPS)— nbd WE of x such that y
6b WE.

3. UPSTy (UPST{")~ ordered if for every

distinct points x,y in X such that® % Ythere
exists a DTPS (DPPS)— nbd Wg of y such that

X 6€ WE.

4. UPST? (UPSTY)~ ordered if for every

distinct points x,y in X such that® £ Ythere
exists a DTPS (DPPS)— nbd Wg of y such that
X 6b WE.

5. PSTy (PSTS)— ordered space if it is
LPST, (LPST})— ordered or

UPSTy (UPSTY)— ordered.

6. PST; (PSTF™)— ordered space if it is
LPSTY (LPSTY)— ordered or

UPST{ (UPSTY*)~ ordered.

7. PSTy (PSTY)— ordered space if it is
LPST, (LPST?)— ordered and

UPSTy (UPSTY)— ordered.

8. PSTy (PST™)— ordered space if it is
LPSTY (LPSTY™)— ordered and

UPST{ (UPSTY*)~ ordered.

9. PSTy (PST3)— ordered space if for every
distinct points x,y in X such that® £ Ythere
exist disjoint total ( partial ) pairwise soft
neighborhoods Wg and Vg of x and y,
respectively, such that Wg is increasing and Vg

is decreasing.

10. PST3 (PST3")—ordered space if for every
distinct points x,y in X such that ¥ £ Y there exist
disjoint
total ( partial ) pairwise soft neighborhood Wg
of x and partial ( total ) pairwise soft
neighborhood Vg of y such that Wg is

increasing and Vg is decreasing.

3. Bi—Ordered Soft Regularity and
Normality

In this section, a new concept called ’Bi-ordered
soft regularity and normality” is introduced and its
properties are examined. Various examples are
provided to demonstrate the relationships among
these concepts and to illustrate the results obtained.

Definition 3.1 For two soft subsets Gg and Hg of an
SBTOS (X,11,12,E,<), we say that Gg is pairwise soft
neighborhood of Hg provided that there exists a

pairwise open soft set Fg such that He v Fg v Ge.

Definition 3.2 An SBTOS (X,1,12,E,<) is said to be:
1. Lower ( resp. upper ) PT— soft regularly

ordered if for every decreasing ( resp.

increasing ) pairwise closed soft set Hg and x
€ X such that x 6& Hg there exist disjoint

pairwise soft neighborhood Wg of Hg and
increasing ( resp. decreasing ) total pairwise
soft neighborhood Vg of x such that Wk is

decreasing ( resp. increasing ).

2. Lower ( resp. upper ) PP— soft regularly

ordered if for every decreasing ( resp.
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increasing ) pairwise closed soft set Hg and x
€ X such that x 6& Hg there exist disjoint

pairwise soft neighborhood Wg of Hg and
increasing ( resp. decreasing ) partial pairwise
soft neighborhood VE of x such that Wg is

decreasing ( resp. increasing ).

3. Lower ( resp. upper ) P*T— soft regularly
ordered if for every decreasing ( resp.

increasing ) pairwise closed soft set Hg and x
€ X such that x 6b Hg there exist disjoint

pairwise soft neighborhood Wg of Hg and
increasing ( resp. decreasing ) total pairwise
soft neighborhood Vg of x such that Wg is

decreasing ( resp. increasing ).

4. Lower ( resp. upper ) P*P— soft regularly
ordered if for every decreasing ( resp.

increasing ) pairwise closed soft set Hg and x
€ X such that x 6b Hg there exist disjoint

pairwise soft neighborhood Wg of Hg and
increasing ( resp. decreasing ) partial pairwise
soft neighborhood Ve of x such that Wk is

decreasing ( resp. increasing ).

5. Total P— soft regularly ordered if it is both
Lower PT— soft regularly ordered and upper
PT— soft regularly ordered.

6. Partial P— soft regularly ordered if it is both
Lower PP— soft regularly ordered and upper
PP- soft regularly ordered.

7. Total P*— soft regularly ordered if it is both
Lower P*T— soft regularly ordered and upper
P*T— soft regularly ordered.

8. Partial P*— soft regularly ordered if it is both
Lower P*P— soft regularly ordered and upper
P*P— soft regularly ordered.

9. Lower ( resp. upper ) TP— soft T5 ordered if it
is both LPST,—ordered (  resp.

UPST,—ordered ) and lower ( resp. upper )
PT- soft regularly ordered.

10. Lower ( resp. upper ) PP— soft T; ordered if it
is bothLPSTT™ ~ordered ( resp. UPST{™
ordered ) and lower ( resp. upper ) PP— soft
regularly ordered.

11. Lower ( resp. upper ) TP*— soft T3 ordered if
it is both LPSTT —ordered ( resp. UPSTY —
ordered ) and lower ( resp. upper ) P*T— soft
regularly ordered.

12. Lower ( resp. upper ) PP*— soft T3 ordered if
it is bothL ST —ordered ( resp. UPSTY
ordered ) and lower ( resp. upper ) P*P— soft
regularly ordered.

13. TP-soft T3 ordered if it is both lower TP— soft
Ts ordered and upper TP— soft T3 ordered.

14. PP—soft Tsordered if it is both lower PP— soft
Ts ordered and upper PP— soft T3 ordered.

15. TP*- soft T; ordered if it is both lower TP*~—

soft T3 ordered and upper TP*— soft T5 ordered.

16. PP*— soft T ordered if it is both lower PP*—

soft T3 ordered and upper PP*— soft T3 ordered.

Theorem 3.1 An SBTOS (X,t1,12,E,<) is lower ( resp.
upper ) PT—soft regularly ordered if and only if for all
x € X and every increasing ( resp. decreasing )

pairwise open soft set Ug containing x, there is an
increasing ( resp. decreasing ) total pairwise soft
neighbourhood Vg of x satisfies that cliy (Vi) E Uk,
Proof. Necessity: Let x € X and Ug be an
increasing pairwise open soft set partially containing
x. Then, Ug® is decreasing pairwise closed soft such
that x 6&€ Ug®. By hypothesis, there exist disjoint
decreasing pairwise soft neighbourhoodWE of Ui,

and increasing total pairwise soft neighbourhood Vg
of x. So there is a pairwise open soft set Gg such that
UpEGeEWE | Since VEEWE , then
Ve EWg E GE EUp and sinceGF is soft closed,
thencli2(Ve) E G E Up,

53
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Sufficiency: Let x € X and Hg be a decreasing

pairwise closed soft set such that x 6& Hg. Then Hg®

be an increasing pairwise open soft set containing x.
So that, by hypothesis, there is an increasing total
pairwise soft neighbourhood Vg of x such that
cliy(Ve) E Hy | Consequently, (cliz(Ve))® is a
pairwise open soft set containing Hg. Thus
d((cliz(VE))Y) is a decreasing pairwise soft
neighbourhood of He. Suppose that

Viend((cl3,(Vie))©) # 6.
Then there exists z & X such that z € Vg and

z €d((cliy(Ve))) . So there exists
y € ((cli2(Ve))“(€) satisfies that z < y. This means

thaty € V (e). But this contradicts the disjointedness
between Ve and (clix(VE))® . Thus
Vi Md((cli5(VE))) = - This completes the proof.

A similar proof can be given for the case between
parentheses.

Theorem 3.2 An SBTOS (X,11,12,E,<) is lower ( resp.
upper ) P*T—soft regularly ordered if and only if for

all x € X and every increasing ( resp. decreasing )

pairwise open soft set Ug containing x, there is an
increasing ( resp. decreasing ) total pairwise soft
neighbourhood Vg of x satisfies that ciy(Ve) E Ug,

Proof.The proof is similar to the proof of Theorem 3.1.

Theorem 3.3 An SBTOS(X,11,12,E,<) is lower ( resp.
upper ) PT ( PP,P*P)—soft regularly ordered if and

only if for all x € X and every increasing ( resp.

decreasing ) pairwise open soft set Ug containing X,
there is an increasing ( resp. decreasing ) partial

pairwise soft neighbourhood Vg of x satisfies that
cliy(Ve) E U,

Proof.The proof is similar to the proof of Theorem 3.1.

Proposition 3.1 Every TP— soft Ts—ordered space
(X,t1,12,E,<) is PP— soft T;—ordered.

Proof. The proposition’s proof establishes that the
belong relation, denoted by &, can be extended to a

partial belong relation denoted by b.

Example 3.1 Let E = {e,,ep,e,} be a set of parameters,

<=N U {(1,2)} be a partial order relation on the set

of natural numbers X. Define ;= {Gg v Ng such that

1 6b Geor [1 € G(ep) and G s finite ]} and 1= {Fg

v Xgsuch that 3 € F(e,) and Fg¢is finite}. Obviously,
(X,11,72,E,<) is PP— soft Ts—ordered [3]. A soft subset
Hg of (X,11,12,E,<) is a decreasing pairwise closed soft

set if [I € Hgand Hg is infinite ] or [1 6€ H(ep), 3

6€ H(ey,) and Hg is finite ]. To illustrate that

(X,71,72,E,) is not lower PT—soft regularly ordered,
we define a decreasing soft closed set Hg as follows:
He = {(ew,{1,2}).(ep.,{3}):(er,{1.2})}.

Since 1 6& Hg and there do not exist disjoint soft
neighbourhoods Wg and Vg containing Hg and 1,
respectively, then (¥,11,12,E,<) is not lower PT—soft
regularly ordered. Hence (X,1,72,E,<) is not TP— soft

Ts—ordered.

Proposition 3.2 An SBTOS (X,11,12,E,<) is TP— soft
Ts—ordered if and only if TP*— soft Ts—ordered.

Proof. On the one hand, x 6b Ggimplies that x 6E& Gg,

then TP— soft Ts—ordered implies PP— soft
Ti—ordered. On the other hand, the definition of PP—
soft Ts—ordered implies that for every decreasing
( resp. increasing ) pairwise closed soft set Hg and x

€ X such that x 6& Hg, there exist disjoint pairwise

soft neighbourhood Wg of Hg and increasing ( resp.
decreasing ) total pairwise soft neighbourhood Vg of
x, such that Wg is decreasing ( resp. increasing ).

Since Wg and Vg are disjoint, then x 6b Hgand Vx 6<

y, there exist an ITPS Ng of x such that y 6b Ng.
Hence the definitions of TP— soft Ts—ordered and

PP- soft Ts—ordered are equivalent.

Corollary 3.1 An SBTOS (X,11,12,E,<) is PP— soft
Ts—ordered if and only if PP*— soft Ts—ordered.

Proposition 3.3 Every TP*— soft T;—ordered space
(X,11,12,E,<) is PP*— soft Ts—ordered.
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Proof. The proof for the proposition states that the
belong relation € implies a partial belong relation b .
The proposition is demonstrated by proving that the
belong relation, represented by &, can be fully

extended to a relation of partial belong, denoted by b.
Example 3.2 From Example 3.1, an SBTOS
(X,11,12,E,<) is PP*— soft Ts—ordered but it is not TP*—
soft Ts—ordered.

Proposition 3.4 The following three properties are
equivalent if (X,11,72,E,<) is TP*—soft regularly
ordered:

1. (X,11,12,E,<) is PST,—ordered;

2. (X,11,12,E,<) is PST | —ordered;

3. (X,11,72,E,<) is PSTo—ordered.

Proof. The direction 1) — 2) — 3) is obvious from

Propositions 3.1,3.2 and 3.3 in [6].

To prove 3) — 1), let x,y € X such that x 65 y.

Since (X,11,12,E,<) is PSTo— ordered, then it is lower
pairwise soft T;—ordered or upper pairwise soft
Ti—ordered. Say it is upper pairwise soft T;—ordered.
From Theorem 3.1 in [6], we have that (i(X))s is
pairwise soft closed. Obviously, (i(x))g is increasing
and y 6b (i(x))e. Since (X,t1,12,E,<) is TP*— soft
regularly ordered, then there exist disjoint decreasing
total pairwise soft neighbourhood Wg of y and
increasing pairwise soft neighbourhood V& of (i(x))s
so Vgis increasing total pairwise soft neighbourhood
of x. Thus (X,t1,72,E,<) is PST,—ordered.

Corollary 3.2 The following three properties are
equivalent if (X,11,12,E,<) is lower (upper) P*T—soft
regularly ordered:

1. (X,11,12,E,<) is PST,—ordered;

2. (X,11,12,E,<) is PST;—ordered;

3. (X,11,12,E,<) is LPST;( resp. UPST;)—ordered.

Proposition 3.5 Every TP*— soft T;—ordered space
(X,t1,12,E,X) is also PST,—ordered.

Proof. Proposition 3.4 implies that any TP*-soft Ts-ordered

space is also PST,-ordered.

Here is an illustration that shows that the converse of
Proposition 3.5 is not necessarily true.

Example 3.3 Let E = {e,,ep} be a set of parameters,

<=N U {(1,2)} be a partial order relation on the set
of natural numbers K. Define 1, = {Gg v Ng such that
1 € Gg and G i infinite } and 1= {F¢ v Ng such
that 1 € FE}URL | Then (X,1,1,E<) is a soft
bitopological ordered space. We have the following 6
cases:

Forx,y € N—{1,2},x6=y:

1. Either 1 6<x. Then we define two soft sets Wg
and Vg as follows W= {(eq,{1,2}),(ep,{1,2})}
and Vg = {(ex{x}),(ep,{x})}. So Wg is an
increasing total pairwise soft neighbourhood of
1,Vg is a decreasing total pairwise soft

neighbourhood of x and Wgu Veg= ¢.b

2. Orx 6< 1. Then we define two soft sets Wg and
Vg as follows Wg = {(eq,{x}),(ep,{x})} and Vg
= {(ew{l}),(e,{1})}. So Wgis an increasing
total pairwise soft neighbourhood of x,Vgis a
decreasing total pairwise soft neighbourhood

of 1 and Wgu Ve=0.b

3. Or2 6<x. Then we define two soft sets Wg and
Vg as follows Wg = {(eq,{2}),(ep,{2})} and Vg
= {(ew{x}),(ep,{x})}. So Wgis an increasing
total pairwise soft neighbourhood of 2,Vgis a
decreasing total pairwise soft neighbourhood

of x and Wgu Ve=0.b

4. Or2 6< 1. Then we define two soft sets Wgand
Vg as follows Wg = {(eq,{2}),(ep,{2})} and Vg
= {(ew{l}),(ep,{1})}. So Wgis an increasing
total pairwise soft neighbourhood of 2,Vgis a
decreasing total pairwise soft neighbourhood

of 1 and WEgu Vg= ®.b

5. Orx 6<2. Then we define two soft sets Wgand
Vg as follows Wg = {(eq,{x}),(ep,{x})} and Vg
= {(es{1,2}),(ep,{1,2})}. So Wg 1is an
increasing total pairwise soft neighbourhood of
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x,Vg is a decreasing total pairwise soft
neighbourhood of 2 and Wgu Ve= ¢.b

6. Orx 65y. Then we define two soft sets Wg and
Vi as follows We= {(eq,{x}),(ep,{x})} and Vg
= {(ew{y}).(ep,{y})}. So WEgis an increasing
total pairwise soft neighbourhood of x,Vgis a
decreasing total pairwise soft neighbourhood

of yand Wgu V= ¢.b

To illustrate that (X,t1,72,E,<) is not lower PT—soft
regularly ordered, we define a decreasing pairwise

soft set Hg as follows: Hg =
{(eq,{1,2,4,5,...}),(ep,{1,2,4,5,...})}. Since 3 €6 Hg

and there do not exit disjoint pairwise soft
neighbourhoods Wg and Vi of He and 3, respectively,
then (N,71,12,E,<) is not lower PT—soft regularly

ordered.

Definition 3.3 An SBTOS (X,1,12,E,<) is said to be:

1. Soft pairwise normally ordered if for each
disjoint pairwise closed soft sets Frand Hg such
that Fg is increasing and Hg is decreasing, there
exist disjoint pairwise soft neighborhoods Wg
of Fg and Vg of Hg such that Wk is increasing

and Vg is decreasing.

2. TP—soft Ts—ordered if it is soft pairwise
normally ordered andPSTT — ordered.

Theorem 3.4 An SBTOS (X,11,12,E.<) is soft
pairwise normally ordered if and only if for every
decreasing ( resp. increasing ) pairwise closed soft set
Fe and every decreasing ( resp. increasing ) pairwise
soft neighbourhood Ug of Fg, there is a decreasing
(resp. increasing ) pairwise soft neighbourhood Vg of
Feg, satisfies thatcli>(Ve) C Ug,

Proof. Necessity: Let Fg be a decreasing pairwise
closed soft set and Ug be a decreasing pairwise soft
neighbourhood of Fg. Then, Ug® is an increasing

pairwise closed soft set and Fg u Ug® = ¢.b Since
(X,t1,12,E.,S) is soft pairwise normally ordered, then
there exist disjoint decreasing pairwise soft
neighbourhood Vg of Fg and increasing pairwise soft
neighbourhood We of Ug Since W is a pairwise
soft neighbourhood ofU i, then there exists a pairwise

closed soft set Hg such that Up EHg EWg
Consequently,WE EHg CEUg 409 Ve EWE

So it follow that
cliy(Ve) E di;,(Wg) E Hg EUp . Thus
F E ciy (Vi) E di,(Wg) E Hy EUs | Hence
the necessity part holds.

Sufficiency: Let Fg! and Fg? be two disjoint

pairwise closed soft sets such that Fg!is decreasing

2c

and Fg? is increasing. Then Fg* is a decreasing

pairwise open soft set containing Fr!. By hypothesis,
there exists a decreasing pairwise soft neighbourhood
Ve of Fg' such that cliy (V) C Fif . Setting

Hp = Xg — di>(Ve). This cans that Hg is a

pairwise open soft set containing Fg2. Obviously, Fg?
v HE, FEI A% VE and HE u VE = . NOW, I(HE) is an

increasing pairwise soft neighbourhood of Fg

Suppose that i(Hg)uVe 6= @.b Then there exists e €
E and x € X such that x € i(Hg) and x € V (e) =
d(V (e)). This implies that there exist a € H(e) and b

€ V (e) such that a < x and x <b. As < is transitive,

then a <b. Therefore b b Hgu V. This contradicts the
disjointness between Hg and Vg. Thus i(Hg) u Vg =
¢.b Hence the proof is completed.

A proof similar can be given for the statement

inside the parentheses.

Proposition 3.6 Every TP— soft T4—ordered space
(X,11,12,E,<) is also TP*— soft T3—ordered.

Proof. Let a € X and Fg be a decreasing pairwise

closed soft set such that a b Fg. Since (X,11,12,E,<) is
PST —ordered, then (i(a))g is an increasing pairwise
closed soft set and since (X,t1,12,E,<) is soft pairwise
normally ordered, then there exist disjoint pairwise
soft neighbourhood Wg and Vg of (i(a))s and Fg
respectively, such that Wg is increasing and Vg is
decreasing. Therefore, (X,11,72,E,<) is lower PT—soft
regularly ordered. If Fg is an increasing pairwise soft

set, then we prove similarly that (X,1,12,E,<) is upper
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PT—soft regularly ordered. Thus (X,1,72,E,<) is TP*—
soft regularly ordered. Hence (X,t1,12,E,<) is TP*—

soft Ti;—ordered. The converse of the above
proposition is not always true as illustrated in the
following example.

Example 3.4 From Example (4.28) in [3], if we take
71= {GgV Ngsuch that 1 b Gg} and 1= {Fg v Xgsuch
that | € F(ey) and L' is finite }. Then we have

(N,71,12,E,<) is TP*— soft Ts—ordered, but it is not TP—
soft T4s—ordered.

Theorem 3.5 The property of being a
PST; (PST?, PST;, PST™)~ ordered space is

soft bitopological ordered property, for i =0,1,2.

Proof. We prove the theorem in case of PST, and the other

follow similar lines.

Suppose that ¢, is an ordered embedding soft
homeomorphism map of a PST,—ordered space
(X,t1,12,E,<1) on to an SBTOS (Y,11,1m2,K,<2) and let

X,y € Y such that x <6,y. Then x°<6,y°, Ve € E.

Since oy, is bijective, then there exist a*and b®in Xg
such that ¢,(a%) = x°®and ¢,(b*) = y°®and since @, is
ordered embedding, then a* 6<; b*. So a 65, b. By
hypothesis, there exist disjoint pairwise soft
neighbourhoods Wg and Vg of a and b, respectively,
such that Wgis increasing and Vgis decreasing. Since
¢y 1s bijective soft open, then ¢,(Wg) and ¢, (VE) are
disjoint soft neighbourhoods of x and y, respectively.
It follows by Theorem 2.2, that ¢,(WE) is increasing
and ¢@,(VE) is decreasing. This completes the proof.

Theorem 3.6 The property of being a TP*(PP*)—soft
Ts—ordered space is soft bitopological ordered
property.

Proof. The proof is similar to the previous theorem.

Theorem 3.7 The property of being a TP—soft
Ts—ordered space is soft bitopological ordered

property.

Proof. Suppose that ¢, is an ordered embedding soft
homeomorphism map of a soft pairwise normally
ordered space (X,t11,72,E,<i) on to an SBTOS
(Y ni,m2,K,<o) and let He and Fe be two disjoint

pairwise closed soft sets such that Hg is increasing and

Fgis decreasing. Since @ is bijective soft continuous,

-1 -1
then % (HE) and Py (Fp) are disjoint pairwise

closed soft sets and since @y is ordered embedding,

then®s '(Hp) is increasing and ¢~ !(Fg) is decreasing.
By hypothesis, there exist disjoint pairwise soft
neighbourhoods Wgand Vg of ¢ ,!(Hg) and ¢, '(FE),
respectively, such that Wg is increasing and Vg is
decreasing. So Hg v ¢(WEg) and Fg v ¢y(Vg). The
disjointness of the soft neighbourhoods ¢,(Wg) and
¢y(VE) completes the proof.

4. Conclusion

This research introduces a new concept
called ”Bi-ordered soft regularity and normality” and
investigates its properties. The study considers the
notions of belong, non-belong, partial belong, and
total non-belong in order to understand their
interrelationships. Several examples are presented to
facilitate comprehension.

In future research, the goal is to explore novel bi-
ordered soft separation axioms by leveraging these
concepts on supra soft topological spaces. The hope
is that this work will inspire further research and lead
to advancements in the field of soft topology.
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